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1. A motivation from the Pythagorean tuning

‘Stack the perfect fifth intervals iteratively, modulo octave’ — this is the most simple construction of
the chromatic musical scale, called the Pythagorean tuning, and commonly used in Europe in the medieval

period. Starting with the musical note F, the tuning goes

F +p5 C +p5 G +p5 D +p5 A +p5 E +p5 B +p5 F# +p5 C# +p5 G# +p5 D# +p5 A# +p5

)

where +p5 means a stack of a perfect fifth interval, that is, to multiply the frequency of each tone by 3/2.
Since two notes an octave apart, i.e., one musical pitch and another with double frequency, sound ‘the
same’, this tuning process is emulated by a circle rotation R/Z 5> z +— x +1og,(3/2) € R/Z. The continued

fractional approximation logy(3/2) = [1,1,2,2] = 7/12 induces a cyclic sequence of 12 notes

F +p5 C +p5 a +p5 D +p5 A +p5 E +p5 B +p5 F# +p5 C# +p5 G# +p5 D# +p5 A# +p5 F

)

called the circle of fifths, and hence the chromatic scale consists of 12 tones, CC# DD# EF F#GG# AA# B,
by rearranging the notes in small order of frequencies modulo octaves. The Pythagorean tuning is reproduced
by the translation T : Z/12Z > x — 2+ 7 € Z/127Z. Tt is noticeable that the first 7 notes F,C,G, D, A, E, B
in the circle of fifths form the diatonic scale CDEFGAB on C, known as the collection of white keys of
piano keyboard.

As is well known in the mathematical music theory, the diatonic collection has significant features, in
particular, Myhill’s property we discuss mainly in this report is an embodiment of the maximal evenness
concept. Consider any successive n (£ 0 mod 12) notes in the chromatic scale, the number of diatonic notes
contained in the n notes are of just two kinds, k and k£ + 1 for some k£ depending on n only. It is remarkable
that only the collections of successive 5 or 7 notes in the circle of fifths fulfill Myhill’s property. Myhill’s
property itself represents a spatial structure of the diatonic scale, while the ‘successive’ notes in the circle
of fifths indicates a temporal feature of the translation 7. So, is it a mere coincidence that the number

= —5 (mod12) of notes satisfying Myhill’s property equals the extent of translation T : z — xz + 7 =
x — 5 (mod12)? However mechanical words associated with the fraction 7/12 connect these phenomena.
Indeed, when we attach each note to a number in Z/12Z by semi-tone encoding C' = 0, c#*=1,...,B =11,
| 5(k+7)] — |{5(k+6)] =1 holds if and only if k corresponds to a diatonic note. Inspired by Noll’s
work [11], we investigate a spatio-temporal symmetry on T' (Proposition 3.2, or cf.[7] Theorem 3.4), and we
elucidate the reason for the coincidence by the fact that the multiplicative inverse of 7 in Z/12Z coincides
with itself. Actually, we give a characterization of Myhill’s property described in terms of dynamics of the
translation T (Theorem 3.4).

2. Mechanical words and Myhill’s property

This section is devoted to describe the relation between mechanical words and Myhill’s property. Let
{0,1}% be the set of all bi-infinite sequences over the alphabet {0,1}, and {0,1}* be the set of all finite
sequences over {0,1}. The transpose ‘v and complement T of a bi-infinite sequence v = (v;) are defined by

(*v), = v1_g and (T)g = 1 — vy respectively. Let o : {0,1}% — {0,1}% be a shift operator o(v)y = vjy1.
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The period of {0,117 is, if it exists, the minimal number p satisfying o”(v) = v. Given a finite sequence
u=uy - u, € {0,1}*, the length |u| of w is n, and for b = 0,1 we put
lulp =#{k |ug=0b, k=1,...,n},
where we call |u|; the height of u. We see |u| = |ulo + |u|1. The language L(v) of v = (vi) € {0,1}% is a
set of all finite subsequence of v:
L(v)={vi---vj | 4,5 €Z,i<j}U{e},

where € denotes the empty sequence with the length |e| = 0. Putting Li(v) = {u € L(v) | |u| = k}, we see
L(v) = Uz Lr(v). For any subset S C L(v), we call |S|; = {|u|1 | w € S} the height set.

Definition 2.1 (Myhill’s property). A bi-infinite sequence v said to be satisfying Myhill’s property whenever
#|Lp(v)]1 = 2 holds for any k > 1. v said to be satisfying Myhill’s property with period p whenever
#|Lk(v)]1 = 2 holds for any k #Z 0 (mod p).

The set of bi-infinite sequences with Myhill’s property is denoted by M, and the set of periodic sequences
with Myhill’s property with period p is denoted by M,. We denote |a| = max{n € Z | n < a}, [a] =

min{n € Z | n > a} and {a} = a — |«a] for a real number «.

Definition 2.2 (Mechanical word). For a real number o > 0, the bi-infinite sequence M (o)) = v = (vy) €
{0,1}2 defined by v, = |ka] — |(k — 1)a] is called lower mechanical word of v. The bi-infinite sequence
M’ () =v = (vg) € {0,1}* defined by v, = [ka] — [(k — 1)a] is called upper mechanical word of v.

Note that if v € {0,1}% has the period p > 1, #|Lx(v)|1 = 1 holds whenever k = 0 (mod p). Conversely
#|Li(v)]1 = 1 implies that the period p of v is a factor of k. Then we define the height of the periodic
sequence v by |v|; = ¢ where ¢ is the unique element of |£,(v)|1. Also note that the mechanical word
M (%) has the period p and the height q.

Tt is easy to see [—a] = — |« and |—«] = — [«], hence

M’ (o), = [ka] = [(k = Da] = [(1 = ko) — [—ka] = M (o), ="M (a),,
Moreover [—a] = — [a] +1 and |—a| = — |a] — 1 holds whenever a € Z. As [k(1 —a)] = k+ [—ka] =
k— |ka/, we see

M (1—a),=[k(—a)] = [(k—1)(1-a)] =1— (ko] — [(k—Da]) =1 —vp = M (a),.

Hence,
Lemma 2.3. For any real number 0 < a < 1, M’ (o) ='M (o) = M (1 — «) holds.
Firstly we show that any mechanical word has Myhill’s property.

Theorem 2.4. The mechanical word of any irrational number 0 < « < 1 has Myhill’s property: M («) €

Moo. The mechanical word of any irreducible fraction 0 < % < 1 has Myhill’s property of the period p:

M (%) € M.
Proof. Let v be the lower mechanical word M («) of a irrational number 0 < « < 1. Take any word
Vg - Vgt1—1 € L£1(v) of the length I. Representing lao = a + 8 with a = |la| and § = {la}, the height of the
word is given as

vk - Vg1 = (B = Da+la) = [(k—1Da] =a+ [(k—Da+ 8] — [(k—1)a].
As0 < B <1, wesee |[(k—Da+ 8] — [(k—1)a] € {0,1}, showing |vg - vksi—1]1 € {a,a + 1}, hence
#Li(v) < 2.
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For k = 1, we have |v; - - - vj]1 = |la] — |0] = a. By the fact that the fractional parts {ma}, m € Z is dense
in the unit interval [0, 1], we take a sequence {my} C Z such that {mya} is smallest in {{ma} |1 <m < my}.
Then taking such my greater than [, we see {mpa} < {(my — l)a} by definition. It comes from the
decomposition

[mral + {mra} = [la] + {la} + [(mg = D] + {(mg — Do}
that {mra} = {la} + {(my — )a} — 1 holds, hence |mya] = |la] + [ (my — )| + 1. Consequently,

[t Va1 = [mgar] = [(my, — Da) = [la) +1=a+1,

showing that #|L(v)|1 = 2. In case of a irreducible fraction %, only by taking mj = p, we show Myhill’s

property of the period p for M (%). O
Conversely, any periodic sequence over {0, 1} with Myhill’s property coincides with a mechanical word

for an irreducible fraction.

Theorem 2.5. Let v € {0, 1}Z be a bi-infinite sequence with the period p > 2 and the height ¢ > 0. If v
has Myhill’s property with the period p, then q is prime to p and there exists s € Z with o°%(v) = M (%) or

M (2).
p
To show this fact, we prepare following lemmas.

Lemma 2.6. Forv € M, withp > 3, La(v) = {00,01, 10} if and only if 2|v|; < p, and Lo(v) = {11,01,10}

if and only if 2|v|; > p. 2|v|; = p never occurs.

Proof. As #|L1(v)|1 = 2 by Myhill’s property of v, we have £1(v) = {0, 1}. Then the periodicity of v brings
01,10 € Lo(v), hence only either Lo(v) = {00,01,10} or Lo(v) = {11,01,10} occurs because of Myhill’s
property #|L2(v)|1 = 2. When 00 € L2(v), take a subword w with the length p and the prefix 1. As 11 never
appears in v, each 1 in w has unique successor 0, showing p > 2|u|; = 2|v|;. p = 2|v|; implies u = (10)*1,
which contradicts to 00 € Lo(v), hence p > 2|v|;. Similarly, 11 € L£o(v) brings p < 2|v];. O

Therefore M, has a decomposition M, = Mg H/\/lllj, where MZ ={veM,|bbe L(v)},b=0,1.

Lemma 2.7. Forv € Mg with the period p > 3 and |v|; > 2, it holds that
p p
z]10°1e L(v)}={|— | —-1,| — | }.
el S iR i
Forwv e ./\/lil, with the period p > 3 |v|g > 2, it holds that
p p
z | 0170 € L(v)} = {J -1, {J .
G loroe £y ={| 2| -1 [ 2]y
Proof. Suppose v € MJ, meaning 11 ¢ L(v) by Lemma 2.6, hence zy = min{z | 10°1 € £L(v)} > 1. Note
that |v|; > 2 and 11 ¢ L(v) bring 010°1 € L(v), hence p > zp + 3. If 01010 € L(v) holds for some
z > 29+ 2, we see 0°72 0107 € L., 2(v) while 1001 € L., 12(v), which contradicts to #|L.,+2(v)]1 = 2.
Then, if 10°0+11 ¢ L(v), we see that z = 2 is a unique integer fulfilling 10°1 € £(v), consequently we get
|£20+1(v)]1 = {1}, contrary to Myhill’s property of v. Therefore we have {z | 101 € L(v)} = {z0,20 + 1}.
Choosing a subword © = vy, - - - Vpyp—1 of v with the length p and vii,_; = 1, we see that u consists of
words 0?1 and 0%%'1. Then equations

p=alzo+1)+b(z0+2) and a + b = |v|y,

hold for some positive integer a, b, hence p = |v|1(29+ 1) +b. Thus we obtain zg+1 = {ﬁJ . The argument
above also works for the case 11 € L(v) by exchanging the letters 0 and 1. ]
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Lemma 2.8. Consider a morphism ¢, : M, — {0,1}% defined by

071 — 0, 0 170 — 0, 1
¢Z:{OZ+11|—>1 forve M,  and ¢Z:{1z+10,_>1 Jorv e M,

where z = {ﬁJ —1 forv e Mg and z = {ﬁJ —1 forv e M}), Then for v € /\/l?7 with |v]1 > 2, w = ¢,(v)
is contained in My, with the height |w|y = p — [v[1(z + 1) = p (mod |v|1). For v € M} with |v|o > 2,

w = ¢,(v) is contained in My, with the height |lw|y = p — |v|o(z + 1) = p (mod |v]o).

Proof. We only show the assertion in the case of v € ./\/lg. It comes from the definition of ¢, that the
subword 071 appears |v|; times in each subword w € L£,(v) with the suffix 1. After removing the factors
071’s from u, there remain 0’s corresponding to the factors 0°T'1’s, of which number is p — |v|1(z+1). Asa
result, we see that w has the period |v]; and the height |w|; = p—|v|1(2+1). Thus #|Li(w)|; = 1 holds if
and only if £ is a multiplier of [vl1, hence #[Lx(w)|1 > 2 for k < |v|;. Since w has Myhill’s property if and
only if w does by definition, we only consider the case 00 € L(w). Suppose that for some k, there exists
a,b,c € Li,(w) with |al; < |b|; < |c|;. By definition of ¢, the inverse images = = ¢, '(a), y = ¢, (b) and
z = ¢, !(c) consist of 0°1’s and 0°F!1’s, hence |z| < |y| < |z| and |z|; = |y|1 = |z|1. Also note that 0°1x
or 0t!'1a appears in v and the suffix of z is 1. Then there exists p € Liy|-|z|(v) with pz € L}y (v) and
Ipl1 > 1, 2’ € L1y(v) and s € L|;|_}y|(v) with z = 2’s and |s|; > 1. Consequently, we have [pz| = |y| = |#|
and |pz|y > |y|1 > |21, hence we come to a contradiction #|Lx(v)|1 > 3. Thus #|L;(w)|1 = 2 holds for
any k # 0 (mod p). O

We come to the proof of Theorem 2.5.

Proof. (proof of Theorem 2.5) Suppose that v € Mg, then we see v = (01)% as £1(v) = {0, 1}, hence we see

v or o(v) coincides with the mechanical word M(3). As v € Mg is equivalent to U € ./\/11177

generality, it is sufficient to prove the assertion in the case of v € /\/12 with p > 3. Putting w® = v, define

without loss of

P
qi

b€ {0,1}. We always assume w' € /\/lgl by taking w' for w! instead of w' itself when

sequences w!t! = ¢, (w') with 2 = [

when w! € ./\/lgl7

w' € MIIJL. By definition of ¢,,, we see |w'|; > |w!*!|;. Thus |w'|; = 1 holds for some [ = ¢, which means

J — 1 inductively, where p; is the period of w! and ¢ = |w'|;_s

w' = (0P=11)Z. Tt is easily seen that w! coincides with a mechanical word M (p%) up to translation by o.
Assume that w'*!

coincides with a mechanical word M (Zii), that is, each letter wk™ in w!*! is given

by UﬁkJ - Uﬁ(k - 1)J By definition, we see ¢, (0%1) = wi™ where v = 2 +wi . Then we see

A =105 ™t = e+ 1) + = R+ 1) + HZE'“J :
hence ¢Z_ll(w§€“) = wil;ﬁﬁl x -wqu = 01, showing that w!, = 1 if and only if m = Aj, for some k. (See

- - e DElg Q1 (SR
Figure 1.) However, the inequalities lekz 1< L)Hlk:J < lek: induce
K 4+ 1)+ 8k 1< Ay <k(z+1) + g
Pi+1 Pi+1
s, we see pr1 = q and p; = pry1(2 + 1) + @1. Then we have

(Ar +1),

By the construction of the sequences u

qi Pi+1 Di+1
Xy, = L <k < A1) =
Dl pi+1(z + 1) + @41 Pz +1) + QI+1( )

hence {%Ak—‘ =k and {%(Ak + 1)—‘ =k+1= ’V%Akﬂ_l—‘. Consequently, we have

PH(A—Fl)-‘ _ FHA-‘ :{0, Ap +1 < A < Ay for some k,

@
P

y2i DI 1, A= A for some k,
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that is, w' also coincides with a mechanical word M’ (%’l'). O

Al Ay Ay, A,

@zll l l l A = Ak_l—l—(Vk-l- 1)
qi+1 3

w!tl= M(ql+1> wit w}i-&-l =(z +1)k+ L}Hl J
pl+1 I+1

FIGURE 1. Correspondence between w' and w!*! through Oz

3. A dynamical characterization of Myhill’s property

11 1
G0+ 01+ 02+ -
for short. We start with the following well known facts on fractional expansions.

A fractional expansion of a real number 0 < a < 1, a = is denoted by « = [0¢, 01,09, .. .]

Proposition 3.1. For a real number 0 < a < 1, consider sequences {0}, {couw} and {P; = (;:)} defined

inductively by

ok = lag—1/ox), app1 = ok — ooy, Prp1 =0 Py + Py,

3.1
( ) ax_1 = 1, ap = Q, P_1 = (?) y PO = (é) .
for k> 0. Then we have

(1) a = [o9,01,02,...] and <i> =ap_ 1P, +apP,_1 for k> 0.
(2) fr+1/ex+1 gives the k + 1-th continuant [oo,...,0k] of a and friiex — fregt1 = det(Pry1 Py) =

(=)L Particularly, a € {fi.1,ex} and b € {fi,exs1} are prime to each other.
(3) It holds that ey/ex+1 = [ok, - ..,00] and fi/frs1 = [Ok—1,--.,00].

Proof. (1) The assertion comes from the definition of continued fractional expansion and induction. (2) As
op 1 or 1 op 1 or 1
(Piy1 Pr) = (P P-1) ( ! 0) ( v 0) = ( 1 0> < r o>’ we have det(Py+1 Py) = (1) (3)

Taking the transpose, we have ekt frtr = (%k 1) (oo 1 , hence the assertion. O
€L fk 1 0 1 0

Let us consider the circle rotations p : R/Z 3 & — z + o € R/Z associated with a finite continued
fraction a = [0, ...,0,_1] = fu/en and its transpose ‘p(z) = x + ‘o where ‘a = [0),_1,...,00] = en_1/en.
These maps have the same period e,, as f, and e,, or e,_1 and e, are prime to each other respectively
by Proposition 3.1 (2). Thus the circle rotations p and !p are regarded as translations on Z/e,Z, that
is, Z/ex,Z > k — k+ f, € Z/e,Z and Z/e,Z > k — k + en_1 € Z/e,Z respectively. Since e,_1f, =
(—=1)" (mod e,), we note that (—1)"e,_; is nothing but the multiplicative inverse f,; 1 € (Z/e,Z)* of f,.
Consequently, the spatio-temporal symmetry of circle rotations are stated as follows.

Proposition 3.2 (Spatio-temporal symmetry. cf.[7] Theorem 3.4). Take an element f € (Z/eZ)” and
consider the translations on (Z/eZ)?,
n(z,y) = (z+1Ly+f) and O(z,y) =@+ "y +1).

Then we have /"' =6 and 67 = 1.

Proof. The proof is straightforward, e.g., 8/ (z,y) = (x + f- fLy+ f)=(x+ 1,y + f) =n(z,y). O
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Definition 3.3. For any subset D C Z/eZ, we associate a periodic sequence v(D) € {0,1}% as
v(D)r =1 if and only if k =1 (mod e) for somel € D.
A subset D is called a Myhill set of period e whenever v(D) € M,.

For a subset D C Z/eZ, v(D) € M, describes a spatial feature how D is embedded in Z/eZ. However,
the theorem below states that the Myhill set D has a temporal characterization in terms of a dynamics on
Z/eZ.

Theorem 3.4 (Dynamical characterization of Myhill’s property). Consider a subset D C Z/eZ with the

cardinality #|D| = f relatively prime to e, and take a translation
T:Z/eZ>x—x+ f'€Z/eZ,
where =1 is a multiplicative inverse of f € (Z/eZ)*. Then D is a Myhill set of the period e if and only if

D is a collection of successive f images of some element g € Z/eZ by T, namely
D ={g,T(9),T*(9),-- -, T" " (9)} ={g, 9+ fHg+2f" .. .,g+1—-f'}.

Proof. Suppose v(D) € M.. We see |[v(D)|; = f by definition. Theorem 2.5 shows that v(D) coincides
with M (%) or M’ (g) up to translation by o. Assume v(D) = M (%) The equation v(D); = HkJ —

{g(k— l)J = 1 is equivalent to fk > {%J e > f(k—1), that is, k € D if and only if f > {fk}. > 0
holds as an inequality on Z, where we put {a}. = L%J e. By the definition of 8 stated in Proposition 3.2,
we see that 0 < 7m2(0°(0,0)) = b < f holds on Z if and only if b = 0,1,...,f — 1, where 7 denotes a
projection (Z/eZ)? 3 (x,y) — y € Z/eZ. Consequently 0 < {fk}. = ma(n*(0,0)) = m2(67%(0,0)) < f is
equivalent to fk € {0,1,...,f — 1}, as an element of Z/eZ, hence k € {0, f~1,2f7 1 ..., (f = 1)f7'} =
{0,7(0),...,7771(0)}. Theorem 2.4 induces the converse. O

Since g+ kf t=g+1—f1t—(f—k—1)f"! (mod e), by putting ¢ = g+ 1 — f~1, the Myhill set is
also represented as D = {¢,¢' — f 4, ¢ —2f', ..., —(f =) f 1}y ={¢, T g, T72(),..., T (g}
Therefore any Myhill set is symmetric in Z/eZ. Consider a continued fraction f/e = [oqg...,0,-1] and its
transpose €/ /e = '[,_1,...,00]. As is stated above, f~! = (—1)"¢’ (mod e). Therefore we obtain another

representation of Myhill sets.

Corollary 3.5. Any Myhill set D in Z/eZ with cardinality #D = [ is described as
D={g+ké |k=0,...,f =1}, for some g€ Z/cZ

where €' /e = [op—1,...,00] is a transpose of f/e = [o0,...,0n-1]-
4. Observation and discussion

To illustrate the results stated in the section 3, we consider a Myhill set D C Z/30Z with the cardinality
#D = 13. In this situation, e = 30, f = 13 and f~! =7 € (Z/30Z)*, and we may assume v(D) coincides
with the lower mechanical word M (%) = (001010100101010010101001010101)% (upper in Figure 2), which
represents the spatial arrangement of D in Z/30Z: the green polygon in lower circle in Figure 2. The middle
illustrates the dynamics of 7 : (z,y) — (z + 1,y + 13) and 0 : (z,y) — (z + 7,y + 1) on (Z/30Z)>. Tt is
observed that the orbit of (0,0) by 1 (blue lines) is traced by 6 (pink lines), and vice versa. Theorem 3.4
states that the Myhill set D is reconstructed by the dynamics T : Z/30Z > x>z + f~' =24+ 7 € Z/30Z:
the collection of the first f = 13 plots in the orbit of 0 by T coincides with D, ans its orbit is represented
by pink arrows in lower circle in Figure 2. Figure 3 illustrates the case e = 12 and f = 7, namely the 12
tone system derived from Pythagorean tuning. In this case, we have f = f~! since 72 = 1 (mod 12), hence
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n | fraction Mechanical word Myhill set

3| 1 =12,3,4]| 001010100101010010101001010101 | D3 = {3,5,7,10,12,14,17,19,21, 24, 26, 28,0}
2 | & =134 100 100 100 100 0]|Dy={310,17,24}

1| 2= 0 0 0 1 Dy = {24}

TABLE 1. Myhill resolution associated with [2,3,4].

the dynamics of n and 6 are symmetric. The Myhill set D of cardinality 7 is constructed as the first f =7
plots in the orbit of 0 by T': Z/12Z > x v o + f~! = 2 + 7 € Z/12Z, which coincides with the diatonic set
in musical set theory.

In [7], we have introduced a nested structure of ‘diatonic’ sets, which we call the sub-diatonic resolution
associated with a real number. Consider a real number 0 < o < 1 and its continued fractional expansion
a = [og,01,...]. The transpose e,_1/e, = [0n—1,0n—2,...,00] of the n-th continuant f,/e, = [0, ...,0n-1]
induces a Myhill set D,, with cardinality #D,, = e,—1 defined by v(D,,) = M (ezgl), and the associated
dynamics in the sense of Theorem 3.4 is given by Z/e,Z > x — x + f, € Z/e,Z. As is seen in the proof of

Theorem 3.4, mechanical words have a nested structure. It comes from Lemma 2.8 and Theorem 2.5 that

the morphism ¢. : M., — {0,1}% with z = L;—:J — 1 given in Lemma 2.8 induces a mechanical word

M’ (e"—’z) =tM (e"—’f) where e,_2/en—1 = [0pn—2,...,00]. The morphism ¢, induces a natural bijection

en—1 en—

D,, — Z/e,_1Z, hence a Myhill set D,,_1 C Z/e,_17Z is obtained by way of v(D,_1) = M’ (i’i—:?) with

€
cardinality #D,,_1 = e,_s. In this manner, we obtain a sequence of embedding of Myhill sets

(41) Di—Dy—.---—=D,
associated with continued fractions 1/ey = [0¢], e1/e2 = [01,00), .-, €n—1/€n = [On-1,...,00], which we call
a Myhall resolution associated with a continued fraction [o,—1, ..., 00]. For instance, Table 1 gives a Myhill

resolution Dy < Dy — D3 induced by [2,3,4]. It is noticeable that Myhill sets Dy is represented as the
successive 4 plots of an orbit by a translation not only on Z/13Z but also on Z/30Z, namely
Dy ={0,5(0) = 0,5%(0) =20 =7,5%(0) =30 = 4} C Z/13Z
where S(z) = x + 10 is a translation by 10 = 47! on Z/13Z, and
Dy = {3,T(3) = 10,T%(3) = 17, T3(3) = 24} C Z/30Z

where T'(x) = z + 7 is a translation by 7 = 137! on Z/30Z.

The Myhill resolution induced from 7/12 = [1, 1,2, 2] has a music theoretical meaning (Table 2). Myhill
sets Dy’s embedded in the chromatic scale Z/12Z form historic named scales: the diatonic scale Dy, the
major pentatonic scale Ds, the perfect 5th Dy and the unison D;. Also we note that two dynamical

representations exist for Ds and Ds:
D3 =1{2,5(2)=5,5%2)=8=1,5%2)=11=4,8'(2)=14=0} C Z/7Z
where S(z) = x + 3 is a translation by 3 = 57! on Z/7Z, while
D3 =1{0,T(0) =7,T%(0) = 14 =2, T73(0) = 21 = 9, T*(0) = 28 = 4} C Z/12Z

where T'(z) = x + 7 is a translation by 7 = 7~! on Z/12Z, and Dy = {0,R(0) = 3} C Z/5Z where
R(z) = x + 3 is a translation by 3 = 27! on Z/5Z, while Dy = {0,T(0) = 7} C Z/12Z.

In light of Theorem 2.4, 2.5 and 3.4, we may understand, in the context of the Pythagorean tuning, the
reason not only why the ‘seven’ notes are selected as a diatonic scale from the twelve notes but also why the
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n | fraction Mechanical word | Myhill set Note name Scale name
4 % =[1,1,2,2] | 101010110101 D, =1{0,2,4,6,7,9,11} | {F,G,A,B,C,D,E} | Diatonic
312=1[1,2,2] 1110110 |D3=1{0,2,4,79} {F,G,A,C,D} Pentatonic
2| 2=2,2 100 10 Dy = {0,7} {F,C} Perfect 5th
1|31=12 1 Dy = {0} {F} Unison

TABLE 2. Myhill resolution associated with [1,1,2,2]. For inessential but technical reasons,
we adopt a morphism ¢g : 10 — 1,1 — 0 as an embedding D3 < Z/12Z, and a morphism
¢0:01+— 1,1+ 0, as an embedding Dy — Z/12Z.

‘successive’ seven notes are done as follows. The chromatic scale might be too complicated to sing, play or
tune musical instruments for the ancients; collections of less number of notes might be preferred. Because
of its simplicity, the Pythagorean tuning was widely adopted until medieval period. It was natural to select
musical tones by stacking the perfect fifth ‘successively’: iterations of x — x4+ 7 on Z/12Z. However,
when the stacking process should be stopped? To spin a melody smoothly, it might be preferred that the
selected musical notes are more evenly arranged in the octave, called the mazrimal evenness. For instance,
all adjacent two notes in the selected collection should have less kinds of ratios of frequencies. Myhill’s
property is a realization of the maximal evenness concept, and owing to Theorem 3.4, Myhill set is obtained
by just 7-! = 7 (mod12) times of the perfect fifth stacking. This is why the ‘successive seven’ notes in the
circle of fifth are selected as the diatonic scale.

Remark. The concept of spatio-temporal analysis on the Pythagorean tuning is based on the cut and

project method which widely applied to studies on aperiodic tilings and quasi-crystals[2][12][10].

REFERENCES

1] J. Berstel, A. Lauve, C. Reutenauer and F. V. Saliola, Combinatorics on Words: Christoffel Words and Repetitions in
[
Words, CRM Monograph Series, AMS, 2009.
[2] N. G. de Bruijn, Algebraic theory of Penrose’s nonperiodic tilings of the plane, I, II, Akad. Wetensch. Indag. Math. 43, pp.
39-52, pp. 53-66, 1981.
[3] J. Clough and J. Douthett, Mazimal Even Sets, Journal of Music Theory 35, pp. 93-173, 1991.
[4] J. Clough N. Engebretsen and J. Kochavi, Scales, Sets, and Interval Cycles: A Tazonomy, Music Theory Spectrum 21,
no. 1, pp. 74-104, 1999.
[5] K. Dajani and C. Kraaikamp, Ergodic theory of numbers, Carus Mathematical Monographs 29, Mathematical Association
of America, 2002.
[6] Y. Hashimoto, A renormalization approach to level statistics on 1-dimensional rotations, Bull. of Aichi Univ. of Education,
Natural Science 58, pp. 5-11, 2009. http://hdl.handle.net/10424/1718.
[7] Y. Hashimoto, Spatio-temporal symmetry on circle rotations and a notion on diatonic set theory, Bull. of Aichi Univ. of
Education, Natural Science 63, pp. 1-9, 2013. http://hdl.handle.net/10424/5380.
[8] N. Ishida, Variations on a Theme by Pythagoras, Graduation thesis, 2014. http://hdl.handle.net/10424/5447.
[9] M. Lothaire, Algebraic combinatorics on words, Encyclopedia of mathematics and its applications 90, Cambridge University
Press, 2002.
[10] R. V. Moody (ed.), The mathematics long range aperiodic order, NATO ASI Series C 489, Kluwer, Dordrecht, 1997.
[11] T. Noll, Sturmian sequence and morphisms a musical-theoretical application, Mathematique et musique, Journee annuelle
de la SMF, pp. 79-102, 2008.
[12] T. T. Q. Le, S. Piunikhin and V. Sadov, Local rules for quasiperiodic tilings of quadratic 2-planes in R*, Comm. Math.
Phys. 150 (1), pp. 23-44, 1992.
[13] H. J. S. Smith, Note on continued fractions, Messenger of Mathematics. 6, pp. 1-14, 1876.
[14] J. Timothy, Foundations of Diatonic Theory: A Mathematically Based Approach to Music Fundamentals, Key College
Publishing, 2003.
[15] J. C. Yoccoz, Continued Fraction Algorithms for Interval Exchange Maps: an Introduction, in ‘ Frontiers in Number Theory,
Physics, and Geometry I’, pp. 403-438, 2005.



A Dynamical Characterization of Myhill’s Property

132

10 15 20 25 3|

e
od 00101010010101001010101

€3/«

1|
hh
!!.Elll'l'.""

S

[

F F# G GF A # B C C#D D¥E F

FIGURE 2. Spatio-temporal struc-
ture for 13/30 = [2, 3, 4], with 1/e; =
1/4, 61/62 = 4/13 = [3,4], 62/63 =
13/30 = [2, 3, 4].

7 12

FIGURE 3. Mechanical word M (%)

and chromatic scale. The diatonic
notes correspond to letter 1’s in
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