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1. Introduction

The most simple way to construct the 12-tone musical scale is the Pythagorean tuning, by ”stacking
the perfect fifth intervals iteratively, modulo octave”. Mathematically, we just consider a circle rotation
R/Z > z — x4 logy(3/2) € R/Z. Generally, the dynamics of a circle rotation p(x) = x + 7 is completely
described by the substitution dynamics associated with the continued fractional expansion of ~, and firstly
we give the detail in Theorem 2.3, where the subdivision process of the interval [0,1] are described by
substitutions on some combinatorial words. Inspired by Noll’s work [8] on mathematical music theory, we
found a spatio-temporal symmetry on circle rotations (Theorem 3.4), which gives the 1:1 correspondence
between mechanical words associated with the line y = ~z and the combinatorial words induced from
subdivisions of [0, 1]. Moreover, this symmetry gives a notion of the diatonic set theory from the viewpoint

of rotation dynamics.

2. Substitution dynamics associated with circle rotations: revisited

Let us take a real number 0 < v < 1, whose continued fractional expansion is given by

1 1 1
7= UO+01+02+--~’
denoted by v = [0; 09, 01,092, ...]. It is convenient to introduce a geometrical interpretation of the continued

fractional expansion.

Proposition 2.1. Let us take a real number 0 < v < 1. Consider sequences {0y}, {yx} and {Py = (jfk>}
k

defined inductively by
ok = [Y—1/W)s  Ver1 =1 — o Pry1 = oxPr + Pry,

(2.1) 0 1
’Y—l:la Yo =, P—1:<1>; PO:<0)

for k > 0, where |x] stands for the greatest integer not greater than x. Then we have
1
(1) v =[0;00,01,09,...] and <7> =Y, 1Py + v Pr_1 for k> 0.

(2) fr+1/ex+1 gives the k 4+ 1-th continuant [0;0q,...,0k] of v and fryiex — freps1 = det(Pyyq1 Py) =
(=)L Particularly, a € {fiy1,ex} and b € {fr,ers1} are prime to each other.
(3) It holds that eg/egx+1 = [0;0k, . ..,00] and fi/frs1 = [0;0%-1,...,00].

Proof. (1) It can be seen by the definition of continued fractional expansion and induction.

(3 )< (3 ) ) -

. ek+1 frv1) _ (ok 1\ (o0 1 .
(3) Taking the transpose, we have < e £ > = ( 1 0> ( 1 0) hence the assertion. O

A trajectory of a circle rotation p : R/Z 3 x — x4+ v € R/Z gives a partition of the unit interval
[0,1] (identifying 1 with 0): as increasing the iteration of p, the interval [0,1] is subdivided more and more.
The mechanism of the dynamics is already observed in [6], however we describe it in terms of substitution
dynamics as follows.
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Proposition 2.2. For a circle rotation p : R/Z > x — x4+ v € R/Z with 0 < v < 1, consider sequences
{ok}, {7} and {er} given by (2.1). Then we have

(1) Any natural number N has a unique expression
N = hpen + hp_1€p-1+ -+ hoeg
by integers ho, h1, ..., hy fulfilling
(2.2) 0<hy<og—1, 0< hp<op (k>1) and hy =0 whenever hy11 = opi1.

As a result, eg1 > hgey + -+ - + hoeg holds for any k > 0. We call the n-tuple (hyp, hn—1,...,ho)y
the greedy expansion of N associated with ~y.
(2) p°(0) = (=1)*yy, hence for a greedy expansion N = (b, hp—1, ..., ho), we have

n
PN (0) = (1) v,
k=0
Proof. (1) Given a greedy expansion (hy, ..., hg)~, we see hoeg < opeg = e1. Suppose that hye;+- - -+ hgeg <
eipq for 1 =0,...,k —1. If hy < op, then hger + hg_1ex—1 + -+ + hoeo < (hi + V)ex < orer < epgq. If
hi = oy, then hy_1 = 0 by definition and hence hgep+hi_1ex_1+---+hoeg = opep+hi_oex_o+---+hoeg <
orer + ex—1 = exy1. Thus we see hrer + -+ + hoeg < er41 for £ > 0. For a natural number N, we find
n with e, < N < epq1 as egr1 > e for any k. Taking h, = |N/e,|, we see N' = N — hpe, < e,
and 0 < hy, < |epti/en] = |on +en—1/en] = opn. If hy = op, as open + €1 = ept1 > N we have
en_1 > hp_1€n_1 + -+ + hoeg, implying h,_1 = 0. Applying the same procedure to N’ and its successors,
we come to a greedy expansion (hp,...,ho)y. Suppose (h,,...,h{), be an another expansion of N with
the property (2.2). It is shown that e; > h}_,en—1 + -+ - + hgeo for any k > 0 as (hl,,. .., hg), fulfills (2.2).
Then we see e, < hl e < N = hl em+ -+ hpeo < €m1, hence m = n and h, = [N/e,| = h),. Applying
same argument to the greedy expansions (hn—1,...,ho)y and (h],_;,...,hy)y, hy = hj holds for any k > 0.
(2) We see p°(0) = 7o by definition. Suppose p®(0) = (—1)kv; for 0 < k < I, then we have p+1(0) =
(p)7 0 p&=1(0) = (=1)! (o1 — Yi—1) = (=1)""1y41. Therefore for a greedy expansion N = (hy, ..., ko),

PN (0) = (p7)" 0 -0 (p%0)" (0) = 7o (= 1) hay. O

Let Z = {[0,1] € [0,1]} be a set of closed intervals with 0 as the left end. The length |A| of A € 7 is given
by | whenever A =[0,1]. For A; =[0,a;] €Z, i =1,...,n, we define the direct sum of intervals A;’s as

Al A @ d A, ={0,a1],[a1,a1 +az],..., a1+ -+ an—1,a1 + - +ayl},

labeled by ajag - - - a,. We say A ®Ay®---D A, gives a partition of B = [0,b] € Z whenever b = a1+ -+ay.
Conversely, for a direct sum A1 ® Ay @ -+ & Ay, [A1 D Ay @ --- & A,] stands for a merge of intervals A;’s:

[A1 @Ay @ - DA, =[0,a1 +aa + -+ ay).

Since each label ajas - - - a,, uniquely corresponds to a partition @}_, [0, ax] of [0, 1] whenever a1+ - -+a, =1,

a bijection ® between labels and direct sums is defined:

o0
(2.3) @ U{a1a2-~-an|ak>O,a1+--~+an=1}9a1---an
n=1

=P, ale | J{Ae ol | 4el, [Ae--oA]=[01]}
k=1 n=1

We abbreviate the k-times direct sum A @ --- @ A of A € T as A®* and k-repetition a---a of a as a”.
a+ S denotes a set {a+s|se€ S} for S CR/Z and a € R/Z. Given any subset of positive real numbers
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3> C Ryg, X* stands for a free semigroup
o
= U{a1-~an | ar, € X}
n=1

generated by the alphabet ¥ with a concatenation as a semigroup operation. For alphabets ¥; and X,
with same finite cardinality, we call a word a € X7 is isomorphic to a word b € X35 whenever there exists a
bijection between the alphabets 7 : ¥; — ¥ which extends to a semigroup isomorphism 7* : ¥7 — X5, and
7*(a) = b holds.

Theorem 2.3 (cf.[6], Theorem 3.7). Let p be a circle rotation R/Z > x — x4+ v € R/Z with 0 <
v < 1 and take the sequences given by (2.1). Consider substitutions 0y : {vk—1,7}* — {7V, Vet+1}* and

e { V=1, 0k—1}" — {7k, 0k }* defined by

Ye—1 —> ’ng'}/k+1, whenever k is even,
Ok § Ve—1 — Yet17", whenever k is odd,
Vi £ Vks

and

Vi1 = Y g,
Ok—1 — V¢ Ok,
Vo1 = ST

Op—1 > O 1",

whenever k is even,

Nk -
whenever k is odd,

where 6, = v + Ye+1- Then
(1) pPn(0) := {p*(0) | k € Dy} generate a partition ® (0,100, _20---060g(y_1)) of [0,1], where D,, =
{0,1,...,en +en_1 —1}.
(2) p<(0) := {p*(0) | k € C,} generate a partition ® (1, 0onp_10---ono(v-1)) of [0,1], where C,, =
{0,1,.. . ens1 — 1}

Proof. (1) For n = 1, the first e; +eg = ¢+ 1 points 0, p(0), ..., p?°(0) induce a partition [0, 0]%7° & [0,71],
which corresponds to the label 0y(v-1) = 7°y1. Suppose that the statement holds for n > 1, then we
see that the partition P, = ® (0,,—1 00,2 0---06(v-1)) consists of intervals [0,7,] and [0,7,—1], where
pPn (0) gives the set of division points of the partition P,. We also see that each component I of the
partition P, with |I| = 7,_1 is represented as I = p™V(0) + [0,7,_1] = [pV (0), pNT¢2=1(0)] if n is odd, and
I = p™(0) 4 [~Yn_1,0] = [pNFe=1(0), pN (0)] if n is even, as p®—1(0) = (=1)""1,_1, where 0 < N < e,.
It follows from Proposition 2.2 (2) that I N (Dyy1\ D) = {pNten—1tken(0) | k = 1,...,0,}, showing
that, if n is even, the increasing sequence pNten-1ten(Q) < ... < pN¥en—1tonen () = pN+eni1(() yields a
subdivision p™¥(0) + ([0, 7,]%%" @® [0,7n+1]) of I, and if n is odd, the decreasing sequence p™Tén-1+en(0) >
oo > pN*en+1(0) yields a subdivision p™(0) + ([0, Ynt1] ® [0,7,]%") of I. In any case, the subdivision is
represented as p™ (0) + ® (7, (Yn_1)). It follows from the decomposition

en—1

Dn+1\Dn: U {N+en71+k/‘€n | k:15'~~aan}a
N=0

that no component I’ of the partition P, with |I’| =, contains p¥(0) for k € D,;1 \ D,. Consequently we
prove that the set p”n+1(0) generates ® (6, 06, _10---060p(y_1)). Similar argument shows (2). O

Definition 2.4. We call the label 0,106, _50---0600(y_1) associated with the set pPn(0) the n-th D-word,
and the label 1, 0 N1 0 -+~ ono(y_1) associated with the set p©»(0) the n-th C-word respectively.
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FIGURE 1. The division process of R/Z induced by the circle rotation p. The right end 1 is
identified with 0.

Note that the C- and D-words are finite whenever + is a rational number; finally 7,41 = 0, hence v, = Jy,
for some n, however, we distinguish between ~,, and d,, as letters for technical reasons. Those ‘particular’

d,’s have the following characterization, which implies the spatio-temporal symmetry on circle rotations.

Corollary 2.5. Let ¢ = cic2+++Cepyy € {Vns0n}” be the n-th C-word associated with a rational number
0 <7y =[0;00,...,00] < 1. Then ¢, = 6, for even n (resp. ce,,,—ky1 = On for odd n) if and only if
{kX} < X where A =t[0;00,...,00] := [0;0n,...,00].

Proof. We firstly note that p has the period e, 11: p®+!(x) = x. Suppose that n is even, then we see p»(0) =
~n is positive by Proposition 2.2. Thus each letter ¢y, in ¢ corresponds to the interval [p*=1en (0), p*er (0)] the
partition ®(c) contains. Consider the (n —1)-th C-word ¢/ = ¢} --- ¢, . It comes from Theorem 2.3 (2) that
() = Y16, or ¥4, holds for any ¢}, while ¢] corresponds to an interval [p?(0), p?(0)] € ®(c’) with
0 <a,b< e, Asaresult, we see that p*®»(0) = p?(0) for some 0 < b < e,, whenever ¢, = d,, that is, ke, =
b mod ep41. Therefore we see {kA} < A since ey, /ent1 = [0;0n, ..., 00] by Proposition 2.2 (3). Note that, as
p"(0) = —~,, is negative when n is odd, ¢, corresponds to the interval [14p(ent1=k+1en () 14 plent1=Flen ()],

Then, the similar argument shows the rest. ]
Example 2.1. Consider v = 13/30 = [0;2, 3,4]. The D-words grow as

o1 B 2 B (o) () m B (ra(175) () (7)) (12 (173) () (Vi) (),

using 3 in spite of v3 = 0, while the C-words grow as

Y1 ™ Y080 > (5177)(0173) ™3 ((7302) (1362) (7302)) (73 82) (¥302) (3 52) (7362)),

which is obtained by replacing viyx+1 for even k, and ~vyr4+17x for odd k, with 0 in the D-words. Again
here, in spite of 9 = d9 as real numbers, we distinguish between o and 9 as letters.

Example 2.2. Consider v =1logy(3/2) =1[0;1,1,2,2,3,1,5,2,23,...]. The D-words grow as
0 0 (% 0:
v-1 7 q0m = () = e (r27273) (e r2v3) F -

while the C-words grow as

Yo1 V3 80 5 G113 (727202) (v202) V2 ((3373) (3373) (337373)) (3373) (F3y373)) % - -

These words are deeply connected with the musical scales, stated in Section 4.
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3. Spatio-temporal symmetry on circle rotations

As we see, a circle rotation p induces a sequence of subdivisions of the circle R/Z, which represents
the spatial structure of the dynamics, and described by C- and D-words, while the temporal sequence
0, (0), p%(0), ... induces another kinds of words. In this section, we state the one-to-one correspondence
between the spatial words and the temporal ones, which shows that circle rotations have a kind of spatio-

temporal symmetry.

Definition 3.1. Let us take a real number 0 < v < 1. The lower mechanical word associated with 7 is a

(in)finite sequence of {0,1} given by

v=uvv-, v = ky] = [(k—1)v].
Similarly, the upper mechanical word is a (in)finite sequence of {0,1} given by
u=uug- -, up=/[ky]l—[k-=1)7],

where [x] stands for the smallest integer not less than x. If a finite lower (resp. upper) mechanical word
w has a factorization w = ab where both a and b are finite lower (resp. upper) mechanical words, we call

w = ab a standard factorization.

It is noted that the lower (resp. upper) Christoffel word is obtained from the lower (resp. upper)
mechanical word by replacing 1 with 01 (resp. 10). Thus the palindromic characterization and the unique

factorization property is inherited from Christoffel words as follows. See [1] for details.

Lemma 3.2. Let 0 < v < 1 be a real number with fractional expansion [0;09,01,09,...], whose n-th con-
tinuant [0; 00,01, ...,0y] equals to fni1/eny1, where fi’s and ey,’s are defined by (2.1). Let v = vy -+ ve,,,
and w = uy -+ - Ue,,, be the lower and upper mechanical words associated with the continuant o = fry1/ent1
respectively.

(1) vi = uy holds for 2 < k < epy1 — 1, thus let us put w = wy - - wWe, ., —1 where wy, = v = u. Then
we have v = 0wl and uw = 1w0. Moreover we see w is a palindrome: W = W = We,, 1 - Wa.

(2) Let us put w, = wy---We,—1 and Wy = We, 12 We, 1. Suppose that n is even. Then Owyl
and Qw1 coincide with the lower mechanical words associated with oy, = fr /e, and og = (fn41 —
fn)/(ent1—en) respectively, hence w, and w, are also palindromes. Moreover, we have factorizations
v = (Qwpl)(0wsl) and u = (1ws0)(1w,0), which are unique standard factorizations. For the case of
odd n, 1w,0 and 1ws0 coincide with the upper mechanical words, and it holds that unique standard
factorizations u = (1w,0)(1w,0) and v = (Ow,1)(Owpl).

Proof. (1) We see |ka] + [(ent1 — k)| = |ka] + fos1 + [—ka] = fog1 for k = 0,...,ep+1. Hence for
k=1,...,ent1, we have
vk = [ka| = [(k = D)a] = (en = [(ent1 — k)a]) = (en = [(ent1 =k + 1)a]) = v, —k+1,
while we have
up = [ka] = [(k = Da] = ([ka] +1) = ([(k = Da +1) = v
for k=2,...,e,41 — 1, showing that w is a palindrome.

(2) Suppose that n is even. Then, it can be seen from Proposition 2.2 and Theorem 2.3 that 0 < {e,a} <
{ka} holds for k € {1,...,e,41 — 1} \ {e,}, which shows |ka| = |ka,| for k=0,...,e, and |ka] = ko]
fork=-ep,...,ent1. As0 < a=epa—(e,—1)a=uv., +{ena}l —{(e,—1)a} and {e,a} < {(e, —1)a}, we
have ve, = 1. We also see 1 > a = v, +1 + {(en, + 1)a} — {ena} > ve,+1, hence ve, 11 = 0. Consequently,
we have the factorizations v = (Owpl)(0w,1) and v = ¥ = (1ws0)(lw,0). The palindromic property (1)
induces the statements for odd n. O
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The following simple fact is significant in two meanings: connecting the spatio and temporal structure of

circle rotations, and suggesting a general notion of diatonic scales in mathematical music theory.

Lemma 3.3. Let v = vjvy--- be the lower mechanical word associated with 0 < v < 1. Then v = 1 holds
if and only if {kv} < .

Proof. Because v = ky — (k— 1)y = v + {kv} — {(k — 1)}, v > {kv} holds if and only if vy = 1. O

Combining Corollary 2.5 and Lemma 3.3, we show that the spatio structure of rotation dynamics stated
in Theorem 2.3 is also described by the temporal structure of its *transpose’ rotation as follows.

Theorem 3.4. Consider a rational number 0 < v = [0;00,...,0,] < 1 and take the n-th C-word ¢ =
C1- Cepy € {Vn,0n}" associated with . Let v be the lower mechanical words associated with the rational
number 0 < X\ = t[0;00,...,0,] < 1. Then, it holds that ¢ = m,(v) if n is even, and ¢ = 7,(0) if n is odd,

where T, is a semigroup isomorphism my, : {0, 1}* — {vn, 0p}* with m,(0) = 7, and m,(1) = dy,.

Proof. For even n, ¢ = d, means {kA} < X by Corollary 2.5, hence vy = 1 by Lemma 3.3. For odd n, as
A = ep/ens1 by Proposition 2.1 (3), v has length e, 1, hence v, ,,_x+1 = ¥. Thus ¢ = &, holds if and
only if 0 = 1. O

Roughly speaking, as a dynamics on Z/e,1Z, the temporal behavior of the circle rotation p with the
rotation number v = [0;00,...,0,] = fot1/€n+1 is simulated by the dynamics @ — z + f, 41, while the
spatio structure is described by the dynamics x — x + e, for even n and = — = — e, for odd n. Theorem
3.4 shows that, by replacing the rotation number A = [0;0,,...,0¢], the transpose of 7, the temporal and

spatial roles are interchanged, which implies that circle rotations have a spatio-temporal symmetry.

1 o s

Temporal
Temporal

€1 & € € € €3
| ] IS 4] == ==
27 ] . = e
2 R - == £ T —
& 7T om===s & 7 =
- —: ’y —  ——

FIGURE 2. Spatio-temporal struc- FiGURE 3. Spatio-temporal struc-

ture for v = [0;2,3,4], with f1/e; = ture for v = [0;4, 3,2], with fi/e; =

1/3, fa/e2 =3/7, fs/es = 13/30. 1/4, fa/es = 3/13, f3/es =T7/30.

4. Pythagorean tuning and circle rotations: a notion of general diatonic/chromatic scale

Musical tuning based on the frequency ratio 3 : 2, called Pythagorean tuning, was widely used and
developed by medieval music theorists. The pitch height ratio 3 : 2 of two pure tones is called the perfect
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fifth, which is known as one of the most consonant ratio after the unison 1 : 1 and the octave 2 : 1. The
tuning goes by ”stacking the perfect fifth intervals iteratively, modulo octave”. That is, given a base note

with frequency fp, the tuning proceeds

2 3 4
fo, gfo, <;> fo= nga (2) fo= %fo’ (2) fo= %fo,....

Equivalently, taking log, and eliminating the common term log, fo, we are to consider

(). {ome Q) {0 ()} { o 2]}

that is, we are tracing the orbit 0, p(0), p?(0), ... of the circle rotation p(z) = = +logy(3/2). When we start
with the musical note F, stacking perfect fifth intervals repeatedly gives a sequence of notes (called the cycle
of fifth) F,C,G,D, A, E, B, and rearranging these notes in ascending order, we obtain the usual diatonic
scale (the Lydian mode on C')

PG A g o p gy,
where w and h on each arrow stand for the distance of pitches between adjacent notes: w means the whole

step and h the half step. We note that the word wwwhwwh corresponds to the 3rd D-word ¢ while the 3rd
C-word 03v3037v303737Y3037303Y37Y3 corresponds to the successive half steps of the 12-tones chromatic scale

FoF#—>5G—oG#>A—-A# —>B—>C—>C#—D— D# — FE— (F).

Thus one may think that the correspondence of the diatonic scale and the D-word derives a general notion
of the diatonic scale, however it is a particular case. It should be noted that the 4-th continuant 7/12 =

[0;1,1,2,2] of logy(3/2) has a striking spatio-temporal symmetry, as follows.

Proposition 4.1. For a rational number 0 < v = [0;00,...,0,] < 1, let ¢ and v be the n-th C-word and

the lower mechanical word respectively. Then it holds that, for even n,

_ {Wn(v)7 if [0;00,...,00] =0;00,...,04],
(D), if oo =1 and [0;01 +1,...,0,] =0;01 +1,... 0],
and for odd n,
oo {Wn('f)), if [0;00,...,00] =t0;00,...,00],
m(v), ifoo=1and [0;01 +1,...,0,] =t0;01 + 1,...,04],
where T, is a semigroup isomorphism my, : {0,1}* — {yn, 0 }* with m,(0) = 5, and T, (1) = dy.

Proof. When oy # 1, the assertion comes from Theorem 3.4. As [0;1,01,...,0,] =1 —1[0;1401,...,04],
the case o9 = 1 is reduced to the case g # 1. O

The concept of diatonic sets is well studied in musical set theory, which has significant features such as
maximal evenness, Myhill’s property, well-formedness, the deep scale property, cardinality equals variety,
and structure implies multiplicity(cf. [10]). Here, we adopt the following definition.

Definition 4.2. Consider a (ir)rational number 0 < v < 1, and take the lower mechanical word v associated
with its n-th continuant [0; 00, ...,0,]. We call the subset DYy = {k € Z/en1Z | v, = 1} the n-th diatonic
set, while CT = Z/en1Z itself the n-th chromatic set.

We note that, by eliminating the first o¢ in the continuant v = [0;0y,....0,], the interval [0,7] is
renormalized to [0, 1], and the circle rotation with rotation number ' = [0; o1, . . ., 0y,] conserves the temporal
behavior of the diatonic set D. In another words, the temporal behavior of ~'-rotation is embedded in -
rotation dynamics as a diatonic set. We prove this fact as an application of the spatio-temporal symmetry

on circle rotations.
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Proposition 4.3. Consider the n-th diatonic set D} C Z/en11Z associated with v = [0; 00,01, ...]. Then,
(1) #D0 = fupr.

(2) Letho =0 <k <---<kyp 1 <kp,, =ensr1(=0mod eny1) be arrangement of elements in D7 in

ascending order, and consider a word d = dydy - - - dy, ., where d; = kj—ki_1. Thend € {09, 00+1}".

(3) Let v be the lower mechanical word associated with [0; 01,09, ...,0,]. Then ¢, (v") = d holds, where

the semigroup isomorphism 1y, : {0,1}* — {09, 00 + 1}* is given by ¥ (0) = og and ¥, (1) = op + 1.

Proof. (1) As vy = [0;00,...,0n] = fn+1/€n+1, the definition of mechanical words shows the identity #D’ =
St v = fr1-

(2) For k; € DY, suppose 71 < {kiv} <. Then {k;y} +my < 1 for 0 < m < g and {k;y} + ooy >
v + ooy = 1, hence k41 = k; + 09. Suppose {kyy} < 7, then {ky} + ooy < 71 + 09y = 1, hence
ki1 = ki + o0+ 1.

(3) Suppose n is even. Note that v = frr17, and v1 = (ent1 — 00 fn+1)¥n hold. We have seen that
diy1 = o9 + 1 if and only if {kvy} < 71, hence ki = m mod ep41 with 0 < m < epy1 — 0ofnt1- By
Theorem 3.4, the C-word ¢ associated with 7 is isomorphic to the lower mechanical word v associated
with the transpose A = [0;0,,...,00]. Since v = fr+17n, the diatonic set D7 corresponds to the prefix
¢p = c1---cy,,,, which is isomorphic to the prefix v, = vy ---vy,,, of v. By Lemma 3.2 (2), the prefix v,
coincides with the upper mechanical word associated with f,,/fn+1 = [0; 0n, ..., 01], which is isomorphic to
the C-word ¢’ associated with 4" = [0;071,...,0,]. Since

o1 1 o Ok 1 _ ao 1 -t €n+1 €En _ fn+1 fn
10 10 10 Jnt1 fa ent1 — 00fnt1 €n —00fn)’
we have 7' = (ep41—00fn+1)/fn+1. Asaresult, d; = op+1 holds if and only if {Iy'} < 4/, while the condition

{lv'} <+ is equivalent to u; = 1, the I-th letter in the upper mechanical word w’ = uj - - ~u’fn+1 = o'. The

assertion is proved. [l

From these observations, we come to a notion of the sub-diatonic resolution.

Definition 4.4. For a rational number 0 < v = [0;0q,...,0,], take continuants A8 = [0;0¢, Otg1y .-y 0n)

for 0 <t <mn, and associated diatonic sets D;’(Z)t. Proposition 4.3 (3) brings a sequence of natural inclusions

n n—1 n—2 0
(41) D7(0> D) ID,Y(l) D) D’Y(2> IDERERD D7(7z)'

We call (4.1) the sub-diatonic resolution associated with .

Let us apply the notion of the sub-diatonic resolution to y = 7/12 = [0;1,1,2,2]. As () =[0;1,2,2] =
5/7, 72 =1[0;2,2] = 2/5 and 43 = [0;2] = 1/2, the corresponding diatonic sets are given below.

t | diatonic set D::(:f usual name
014{0,2,4,6,7,9,11} | diatonic scale
1 {0,2,4,7,9} pentatonic scale
2 {0,7} perfect fifth

3 {0} unison

Remark. We note that, as 7/12 = [0;1, 1,2, 2], Proposition 4.1 shows that the 3rd D-word coincides with
the image of the lower mechanical word by m3. Thus the features of diatonic set D? /12 can be discussed from
the viewpoint of the distribution on the unit interval induced from the circle rotation, with the rotation
number 7/12, however for a general v = [0;00,...], the diatonic set D] is to be analyzed by the circle
rotation with its transpose [0; 0y, ..., 0g] as the rotation number.
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5. Remarks

It may be said that the history of the development of the musical temperament was that of conflicts of
the ‘warp’ and the ‘weft’, that is, the harmony and the melody. For various art of the melody, including the
modulation (changing key), it is convenient that the musical scale consists of a series of musical tones whose
frequencies are constant multiples of the frequency of a fundamental tone, modulo octave. Particularly, as
the Pythagorean scale is defined by a geometric series with integer geometric ratio, the Pythagorean tuning
was widely used in Europe from ancient to medieval eras. However, such a scale contains multiple tones
which sound unpleasant to most people if they sound simultaneously, called dissonant. It is empirically
known that, to obtain pleasant sounds of multiple tones, the frequencies of the tones forms a simple integer
ratio. As a result, simple integer ratios are needed for the musical scale from the harmonic aspect, which
is incompatible with the geometric series construction, unfortunately. The incompatibility has brought a
various kind of musical temperaments, such as just intonation, meantone temperament, well temperament
and equal temperament. With these points, every musical tone (or note) in a piece of music should be
interpreted in various means, at least the horizontal line (melody) and the vertical line (harmony).

In this note, we study the structure of musical scales from the viewpoint of the weft, but I hope the
spatio-temporal approach induced from circle rotation dynamics serves studies on the diatonic set theory as
an mathematical tool.
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