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Abstract

We give an alternative proof of the multisummability property of divergent power series solutions of

ordinary differential equations of irregular singular type, which is already known (cf. references).

1 Introduction

We consider the following nonlinear ordinary differential equation of irregular singular type

(L.1) L0 = £ uto),
dx

where x € C,p € {1,2,---} and f(x,u) is a quadratic polynomial in u variable with coeflicients that are
multisummable formal power series in x variable.

We assume that f(0,0) = 0 and %(O, 0) = a # 0. Then the equation has a unique formal power series
solution &(x) = 3,51 u,X" because of the assumption a # 0.

We shall prove the multisummability of this formal solution. We have to mention that for the multi-
summability of such formal solutions, B. Braaksma [3] gave a complete proof at the first time. Different
proofs are obtained by many authors (cf. W. Balser [1], [2], J.-P. Ramis and Y. Sibuya [4] and their refer-
ences). In the paper [3] by Braaksma, the key point of the proof is that he proved an analytic continuation
property of solutions of the convolution equations which are obtained by Borel transformation of the ordi-
nary differential equation. In the book [1] by Balser, he employed an iteration method for solutions of the
convolution equations. In this paper, we shall define an approximation of solutions by series of functions
for the convolution equations in Section 5, which enable us to give a different proof from theirs, but under a
restricted assumption (3.4) on the type of multisummability.

The contents of this paper are as follows. In section 2, we give a brief review of the definition of
multisummability. In section 3, we state the multisummability result (Theorem 2). In section 4, we prove
our main theorem admitting Proposition 5, where we introduce the convolution equations derived from the
original ordinary differential equation and study the existence and growth estimate of solutions in a sectorial
domain. In section 5, we give the proof of Proposition 5. In this paper, we study only a single equation

(1.1), but the result for system of equations is obtained similarly.

2 Definition of multisummability

We give notations and definitions by following Balser [1], [2].
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e Sector Ford e R,a > 0 and p (0 < p < ), we define a sector S = S (d, @, p) by
2.1 Sd,a,p):= {xEC; |d—argx|<%, O<|x|<p},

where d, @ and p are called the direction, the opening angle and the radius of §, respectively. We write
Sd,a,0) =85, a).

o Gevrey formal power series We denote by C[[x]] the ring of formal power series of x with coefficients
in C. For k > 0, we define C[[x]];/«, the ring of formal power series of Gevrey order 1/k in the following
way: f(x) = Yoo Jax" € C[[x]]1x if there exist some positive constants C and K such that for any n, we
have

2.2) Iful < CK"T(1 + n/k),

where I' denotes the Gamma function.

e Gevrey asymptotic expansion Let k > 0, f (x) = 22 fux" € C[[x]]1/x and f(x) be analytic in S (d, a, p).
Then we define that

(2.3) () ~ f(x) inS(d,ap),

if for any closed subsector S’ of S (d, «, p), there exist some positive constants C and K such that for any N,

we have
N-1

(2.4) f(x) - Z fuiX'| < CKNMC (1 + NJk), xeS§’.
n=0

e Exponential growth function Let k£ > 0 and f(x) be analytic in S (d, @). Then we define that f(x) €
Exp(k, S (d, @)) if for any closed subsector S’ of S (d, @), there exist some positive constants C and § such

that we have

2.5) (0l < ceM, xes’.

e Laplace transformation Let f(x) € Exp(k, S(d,a)) and bounded at the origin. Then we define the
k-Laplace transformation (L 4 f)(£) by

1 oo(d)
(2.6) (Leaf©) 1= f exp{~ (x/&)) Fx)da*,
0
where the path of integration runs from 0 to oo along arg x = d. Then (L 4f)(€) is analyticin S (d, &’ +n/k, p)
for any @’ < @ and some positive p which depends on «’.

Let f (x) = ZZ":O fux" € C[[x]]. Then we define the formal k-Laplace transformation (fjk f )(&) by
@7 (LiH)E) = D fil (1 +n/kg" € ClEN.
n=0

Let k; > 0. If f(x) ~¢, f(x)in S(d, @) and f(x) € Exp(k,S (d, @)), then (Lyqf)(E) ~r, (L)) in S(d, o’ +
n/k,p) with kp = (k™' + k7D~
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e Borel transformation Let € > 0, and let g(¢) be analytic in S (d, @, p) with @ > n/k and bounded at the
origin. Then we define the k-Borel transformation (8 48)(x) by

1

(2.8) (Bra®)@) = 5— | &2@exp{(x/&)}ds™,
Yk

where the path y¢(C S (d, @, p)) runs from the origin along argé = d + (7 + €)/(2k) to some finite point &1,
then along the circle |£] = |£1] to the ray argé = d — (7 + €)/(2k), and back to the origin along this ray. Then
(Brag)(x) € Exp(k, S (d, & — 7/k)).

Let 8(&) = 277 8n&" € C[[£]]. Then we define the formal k-Borel transformation (@kg)(x) by

(o9

5 A 8n
(2.9) (Bi)(x) :i= ) ————x" € C[[x]].
HZ::‘) I'(l+n/k)

Let k; > 0. If g(&) ~¢, &) in S(d, a, p) with @ > n/k, then (B 48)(x) ~k, (Bi2)(x) in S (d, @ — n/k), where
ky = (ki' =k~ 1) if ky < k, and k> = o0 if ky > k, respectively.

Moreover , if f(x) and g(&) are satisfied the assumptions above, we have (8 4Ly qaf)(x) = f(x), and
(Li,aBrag)(&) = g&).
e Convolution Let f(¢) and g(¢) be analytic in S (d, @, p), and bounded at the origin. Then k-convolution
of f(¢) and g(¢) is defined by

d
(2.10) (f =% 9)(&) = f f((f"—n")”")%g(n)dn-

We remark that this k-convolution is not commutative in general. In fact, by integration by parts, we get
the following.

(f 1 &)(&) = () f(0) = f(£)g(0) + (g *x ).

If f(0) = g(0) = 0, the k-convolution is commutative.

We give the relationship between k-Laplace transformation, k-Borel transformation and k-convolution.

If f,g € Exp(k,S(d,a)) with f(0) = g(0) = 0, then we have Lia(f *x &) = (Lraf) - (Liag) on
S(d,a’ + n/k,p). Similarly if f and g are analytic in S (d, @, p) with @ > z/k and f(0) = g(0) = 0, then we
have By u(f - 8) = (Braf) *k (Brag) on S(d, @ — n/k).
e Acceleration We define the (k, k)-acceleration operator in a direction d denoted by Ag rea- Let k>k>0
and k = (k™' = k1), Let f(x) € Exp(x, S(d,a)) and bounded at the origin. Then we define the (k, k)-
accerelation of f by

oo(d)

7, F@Cu (G/ef) .

Here for @ > 1, the kernel function C,(z) is given by

(2.11) (A jaf)E) =

1
(2.12) C,(2) = — ful/“_l explu — zu'/%)du,
2ni J,

where the path of integration y is Hankel’s integral for the inverse Gamma function: from co along argu =
—n to some up(< 0), then on the circle |u| = |up| to argu = 7, and back to co along the ray of argument 7.

Then (A ., /)(§) is analytic in S (d, a’ + n/k,p) for any @’ < @ and some positive p which depends on
a’. Moreover, if f(x) ~, f(x)in S(d, @), then

I'(1 + n/k)

& inS(d,a +n/k,p), wherek, = (k7' +x )7L
F(1+n/k)§ ( [k, p) 2 = (k) )

213 AgaHNE ~u Y fr
n=0
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If f, g € Exp(x, S (d, @) with f(0) = g(0) = 0, then we have A ;.,(f *k &) = (Ap y.af) *i (Ag .08

e Definition of multisummability Let ¢ € N and f(x) € C[[x]]. Let 400 = kg > k1 > kp > --- >
kq-1 > kg > 0 and define x; by k; = (k7' —k\)7" fori = 1,2,--- ,q. Fori = 1,2,--- ¢, letd; € R and
S; = S(di,n/ki + &) (g; > 0)and S/ = S(d;, &) be sectors such that S;_; C §;, j=2,3,---,q. Then f(x)
is k-summable (k = (ki, k2, ,k;)) in multidirection d = (dy,d>, - - ,d,), if the following conditions are
satisfied:

a) fy,(&) = (@kq £)(&) is convergent in a neighborhood of the origin.

b) For j = q,q—1,---,1, the function f; can be continued analytically on Sj’ and f; € Exp(k;, Sj’),
and if j # 1, we define fj_ := Ay, , k;q;f; which is analytic in S (dj, 7/k; + 8},/).,') with 8;. <gj—¢gj1and
pj > 0. In this case, we have fi € Exp(x1,S/) (ki = (kj' — kD)™ = k).

Then the k-sum of f (x) in multidirection d is defined by Ly, 4, fi and denoted by fi 4(x). We notice that

fra(®) ~x, f(x) in S(dy,n/ky + &7, p1).
We may omit the direction d in the operators Ly 4, Bk 4, Aj joq a0d fra-

3 Result

In the equation (1.1), let the form of f(x, u) be

3.1) feu) = 0 + M oux) + A 0u? ().

Here without loss of generality, we may assume that f (21(0) = 0. In fact, by putting ii(x) = u(x) —ujx =

Dnso UpX", we get an equation of i of the form

(3.2) @1 = [0 + W) + AR,

where f111(0) = %(o, 0) = a and f2(x) = O(x). We put f(x) = a + F1l(x) (F110) = 0). After deleting

tilde”, we obtain the following form
d

(3.3) () = ) + au() + ) + P .
X

For the multisummability result, we assume the following conditions.
Inhomogeneous part f [91(x) and the coefficients fI!(x), f1?1(x) are k-summable in multidirection d.

Moreover, we assume that
3.4 p = k.

We remark that in the following we interpret for the estimates of solutions that kg = p if p > k;, and

(& if p = Ky,
R I A B I T
kKi=((ky —p )" ifp>k.

To formulate the result we use the following definition.

Definition 1 The set of singular directions D for the operator xP*! % — a is defined by

3.5 D ={(arga +2nn)/p;n=0,1,2,--- ,p—1}.
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Under the above preparations, we can prove the following result.

Theorem 2 Let u(x) be the formal solution of (3.3).

When p = ky, the formal solution u(x) is k-summable in multidirection (t1,dy,--- ,d,), where T ¢ D
and S (11,01) € S(d, &1).

When p > ki, the formal solution u(x) is (p,ki,--- ,kg)-summable in multidirection (do,dy,-- ,dy),
where dy ¢ D and S (dy, n/p + €0) C S(dy,w/k1 + €1).

/

In the case where p = ki, its multisum ug(x) is the analytic solution of (3.3) in S =SG,n/ky+6 1 p’l) for
any 6] < 6; and p] > 0, and ug(x) ~k, u(x) in S1. In the case where p > ki, its multisum Up, () is the
analytic solution of (3.3) in Sy = S (dy, /p + &> Py) for any &, < &g and p;, > 0, and u(p x)(x) ~k, u(x) in So.

4 Convolution equations

We recall the equation (3.3) as follows.
d
4.1) A u) = fO00 + auto + fHu) + 2@ ),

where a # 0 and f1%(x) = O(x)as x - O for £ =0, 1,2.
First, we take formal k;-Borel and p-Borel transformation of the equation (4.1).
Fori=1,2,---,q,

P d
(4.2) mf—p/k) 5 € Vi) = FOE) + avi(@) + (F i vi) @) + (P s, vi 51, v,
and fori=0,1,
d
(4.3) PD;'E7——vi(€) = £7&) + avi(&) + (f1 5y v)(©) + (f 5 vi 5 vi)(E),

d¢

where D;l = fof, and fim are given as follows: Let Sl.' =S, g)fori=1,2,--- ,q.

1) fqm = @kq f14, which is holomorphic in a neighborhood of the origin and belongs to Exp(kg, Sg)-

2) f1 = A, £, which is analytic in S (di1,7/x; + &
i=qg-1,---,2,1.

3) fi = Ay f1 = B, 111 € Exp(p, S (di, n/&y + €})) with &y = (k7' = p~))™"if p > ky.

Here we use the relation (Bpxerl %Cu)(f) = nglfp d%(Bpu)(f) in the expression (4.3).

We differentiate the convolution equations (4.2) and (4.3) with respect to £ and put w;(¢) = d/(dé)vi(¢)
vi(€) = (D;lwi)(.f). By dividing by « in (4.2), and p&P — a in (4.3) respectively, we obtain the following

pi+1) and belongs to Exp(x;, S/) for

+1°

expressions.

Fori=1,2,---,q,

é-‘p
T(L+ p/k)
(1 s, w0 )@ = (7, (D7 w1, 0w @)

1d
(4.4) wi(f) = Zd—g{ s, Ewi©) — 9
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L1 plp - k)
a|l(l+plk)

(1] 1-k;
(@ £, 0w

f“@%*D@wﬁ)%W@

_fWEﬁ@f%%wﬁw%w%W“M
= TuD;'wi)(&),

and fori =0,1,

1
PP — a dé
1
péP —

435 Wi W%w@mpwwﬁ@+wﬂﬂ%wmquﬂd

A0 -€77 x, (DF W)

[0 p—1
|G

+§p—l(%ﬁ[2](é‘:) P, (Dglwi)(é) % (D;IWi)(f))]
=: T,‘(Dglwi)(‘f)’

where we use the relation

—(u * V)(E)

P u(OW (&) + 1 [ w (& = nHRy (€ = TPRY
0

u(OW (&) + E1W (©) - E7F % v(©))

and w;(0) =0
We shall analyze the above convolution equations (4.4) and (4.5).
Let U; be a closed subsector of S/ = §(d;, &;) and U(r) := U N {|£| < r} for some r > 0. Let B(r) be the

space of continuous functions u : U(r) — C such that u is analytic in the interior of U(r) and

(4.6) llull- := sup |u(€)] < co.
&el(n)

Lemma 3 1) Let k > 0. For u,v € B(r), we have the following inequality.

1
< %B(l/k, L/ ONullAVII-E],

4.7) ]%«&Wnu@%md=§“@@@*uquﬁﬁ

where B(a, 3) denotes the Beta function.
2) Let k > k > 0. Let u and v be analytic in S (d, €) and satisfy

|§|[ Slél ™ g3
(4.8) @) < U—e—0me™, )| S V™, £€85(d,9),

I'((1+¢&)/k) I'(1 +m)/k)
where U, V,6 > 0 and €,m > 0. Then we have

1 UV|§|[’+m+1 sl
~k I'((¢+m+2)/k)

4.9) kw@f”mwvﬁw

‘%m>mwwvnﬂ

Lemma 3 1) implies that the operator T; is well-defined on B(s) for some positive s. In fact, we have the

following estimates.

(4.10) — @)

1
<F, ‘ ‘sA,geU(s).
a

‘ d¢! pEP —
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Therefore we get the following estimates by Lemma 3. For w; € B(s), we have

(4.11) IT(DZ W@l < CL®lwillss” + Co + C3(R)willss + Calwillys* 1= fils: Iwilly) < oo,
fori=1,2,--- ,qand

(4.12) ITi(D; ' wi)(€)] < C| + Cob)lwillss + Ci(R)lwills® = fis: Iwilly) < oo,

for i = 0,1, where C,, and C,, are positive constants.

Proposition 4 The equation Tq(Dé_leq) = wy has a unique holomorphic solution in a neighborhood of

origin.

Proposition 4 follows from above estimates for 7;. More precisely, we can prove that the operator T is a
contraction map on a proper Banach space by taking r sufficiently small as follows:
( Proof of Proposition 4 ) Let M > 0. We define a closed ball B(r, M) := {u € B(r);||ull, < M}, where we
put U(r) = {|£] < r} in the above definition.

First, let M > C; and let ry be a smallest positive root of f,(r; M) = M. For any M with M > C; if we
take r > 0 such that r < min{r, s}, then the operator 7, is well-defined on B(r, M).

Next, let u, v € B(r, M). Then we have

(4.13) ITy(D;'u) = Ty(DZ'v)| < (Cr(k)r? + C3(kyr + 2MCakyr?)llu = vl =: gl = V.

If we take r; < s such that g(r) < 1, then T, becomes a contraction map on B(ry, M).

Consequently, a closed ball B(r, M) (M > C;) is defined as follows:

First, we take and fix r; > O such that g(r)) < 1.

Next, we take r > 0 such that » < min{s, rg, 71}.

By taking the closed ball B(r, M) like this, we see that the equation Tq(Dglwq) = wy, has a unique
solution in B(r, M).

Proposition S The case p = k. Leti € {1,2,---,q}. Let S| = S(71,01) and S] = S(d;, &) (i > 2) be
sectors and Sl' N D = ¢. Let wi(§) be an analytic solution of (4.4)-(i) or (4.5)-(1) on S! N {|€| < s} for some
positive s. Then w; can be continued analytically on S and w; € Exp(k;, S/).

The case p > ky. Leti € {0,1,---,q}. Let S/ = S(d;, &) be sectors and S{ N D = ¢. Let wi(§) be an

analytic solution of (4.4)-(i) or (4.5)-(0) on S/ N {{| < s} for some positive s. Then w; can be continued

analytically on S! and w; € Exp(k;, S/), where we write k1 = ki(= (kl_1 - p‘l)_l) and kg = p.

Remark 6 Letie {2,3,---,q}. Let w; € Exp(k;, Si’) be a solution of (4.4)-(i). Then w;_| = %ﬁ(ﬂki—l,kiDglwi)
is a solution of (4.4)-(i — 1) or (4.5)-(1) in S (d;, /i + &}, p}) for any &, < &; and some positive p.

Moreover, in case where p > ki, if w € Exp(Tq,SI’) is a solution of (4.4)-(1), then wy = d%(ﬂp,k, D;lwl)
is a solution of (4.5)-(0) in S (d1, n/K) + &}, p7) for any &| < &1 and some positive p|.

We postpone the proof of Proposition 5 and give the proof of Theorem 2.

( Proof of Theorem 2 ) We only give the proof for the case where p = k; because the proof for the case
where p > kj is obtained similarly.

Let S/ = S(d;, &) fori € {2,3,---,q} and S| = §(71,01). Let u(x) be a formal solution of (3.3)
and set w,(§) = %(ﬁkqu)(f). Then w, is a solution of (4.4)-(q) by Proposition 4 and it can be continued
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analytically on S/ and w, € Exp(x,,S,) by Proposition 5. Therefore w,-1(§) = d%(ﬂkqfl,quglwq)(g) is
well-defined and it is a solution of (4.4)-(¢ — 1) by Remark 6. Moreover w1 is analytic in S(;_l and belongs
to Exp(ky-1, S(;_l) by Proposition 5. Inductively we see that w;(€) = %(ﬂki,knglwm)(f) € Exp(x;, Sl.’)
and w; is a solution of (4.4)-(i). Finally, wi(¢) = dié_.(ﬂp,kzDglwz)(f) € Exp(ki, S{), where k1 = k; = p and
it is a solution of (4.5)-(1). Hence u(x) is k-summable in multidirection (71,d>, - - - ,d,) and its multisum is

given by ug(x) = (Ly, Dglwl)(x), which is analytic in S (71, 7/k; + 67, p7) for any 6] < 61 and some positive
Py

5 Proof of Proposition 5

We shall prove Proposition 5. First, we define the sequence {w//(£)},>0 by the following recurrence formulas:

(A): Fori=1,2,---,q,
1d

- d_f

(@ w07
adé [\? PR T

wl(£) e,

wi(é)

b3 (s D WO, (D)€ = i€ g §W?_”)(§)}, (n=1)

{+m=n-2

where w7 (¢) = 0if k > 0 and ¢; = 22~

T(+p/ki)-
(B): Fori=0,1,
0 1 d
e = g le.
W@ = (e o)+ 3 (52, 0w 0 W), (2 )
i pfp_ddf i : i = i ¢ i ¢ i

where w(¢) = 0if k > 0.

We put Wi(€) = X0 wi(§). We see that W;(£) is nothing but a formal power series solution of (4.4, 4.5)-
(i) from above recurrence formulas and in particular, the formal power series solution W, (&) is convergent
in a neighborhood of the origin by Proposition 4. Therefore W, (&) coincides with wy (&) = d/ (df)(@kqu)(f).

Then we can prove the following proposition.

Proposition 7 The formal solution Wi(&) of (4.4, 4.5)-(i) is an analytic function on S/, and belongs to
Exp(«;,S/), where S| = S(r1,01) and S] = S(d;, &) (i 2 2) if p = k1, and S] = S(d;, &) if p > k1.

In order to prove Proposition 7, we recall estimates of the coefficients and inhomogeneous part, that is,
fim(f) € Exp(x;,S(d;, &) fori = 0,1,--- ,q, where «; = k; and xy = p. Therefore we have the following
estimates.

<

d g
@] < T/

de’l

with some positive constants L and §. Moreover, it is assumed

G.D ‘

exp{olél), €€S/, (£=0,1,2)

(5.2) ‘ <A, £€S/(i=0,1).

peP —a

Proposition 7 is derived from the following lemma.
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Lemma8 Leti € {0,1,2,---,q}. For any n, each function w;’(f), which is defined by recurrence formula
(A) or (B), is analytic in the sector S/ and there exists a positive constant B;, such that the following
inequalities hold for & € S/.

Fori=1,2,---,q,

(48

(5.3) Wi(é) < Bi,nm exp{dlél).
Fori=0,
(5.4) Wo(@)l < Bop <l exp{olélP}.

' +n)/p)

Moreover, there are some positive constants C and K such that for all n the following inequalities hold.

Fori=2,3,--- ,q,0ori=1andp > ki,

(5.5) Bi, < CK"m\'/P.
Fori=1landp =k, ori=0,

(5.6) B, < CK".

By taking the integral path in the convolution as the segment [0, £], we may see that each w(£) is analytic
in §/. The inequalities (5.3) and (5.4) follow from Lemma 3 2). In fact, we shall prove the inequality (5.3)
for the case where i > 2, ori =1 and p > k.

We consider the recurrence formula (A).

For n = 0, since we have W@ = (1/laDld/(d&) £ (€) < (1/1al)(L/T(1/k;))e™", we may put B;o =
L/lal.

We assume that the inequality (5.3) holds up to n — 1. Then we have from Lemma 3 2)

. 1t < —2 o _Bi n— -y Bi Bim —Bi n— ’
o7 WS F Tk a6t e 2, BuBin+ ——Biny

i {+m=n-2

where B;_; = 0 if k > 0. Therefore we may put

L |1 1 n—-p+1
(5.8) in = — {EBi,n—l + = Z BB, + LBi,n—p}-

&

|al k> L

i {+m=n-2

This means that the desired inequality (5.3) is obtained.

In order to prove the inequalities (5.5) and (5.6), we use the majorant method effectively for recurrence
formulas which are satisfied by B;,. We only consider the case where i > 2. For the recurrence formula
(5.8), we insert B;,, = A,n!"P and divide both hand sides by n!l/p.

_(m=Dp AR (n—pr
An = blwAn_l +b2€ Z 2A€Am n!l/P +b3(l’l—p+ I)WAn_p
+m=n—
< DA +by ). A+ biAny,
{+m=n-2

where A_; = 0 if k > 0 and b; are some constants. We consider the following recurrence formula for {C,,}.

(5.9 Cp=b1Cp1 + b Z CeCp + b3Cy—p, Co = Bip,

{+m=n-2
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where C_y = 0 if £ > 0. Then we can see that C,, > A, = B, /n!/P and the generating function of {C,}
is holomorphic in a neighborhood of the origin. Therefore we obtain B;,, < C,n!'/? < CK"n!'/? by some
positive constants C and K.

Now, we can prove Proposition 7 by Lemma 8 immediately as follows. For i > 2,

, (KID" P e
5.10 Wig)l < : |
510 | (§)|<;)|Wl(§>| Zr((l k)

Since by Stirling’s formula we have

n1/p ck"
L((1 + n)/k;) = L(1+n/&)

with some positive constants ¢ and k, where £; = (kl.‘1 - p‘l)‘l(s ki), we obtain the desired exponential

estimate.

(KI€)"

K < ¢ Ki1€R + 1€,
T+’ = 1 exp(Ki &1 + 6l¢1™)

(5.11) [Wi(&)| < C‘Z

n>0

We can prove the estimates for the case i = 0, 1 similarly. We omit the detail.

Finally, we have to show that W;(£) is a unique analytic solution of (4.4, 4.5)-() in U(r) := U, N{|§| < r},
where U] is a closed subsector of S’ for some r small. As we proved Proposition 4, we can prove the
uniqueness of solution of (4.4, 4.5)-(i) on U(r) by proving that T; is a contraction map on a proper Banach
space if r is chosen sufficiently small. Hence the proof of Proposition 5 is finished.
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