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Abstract

A finite set X in a complex sphere is called a complex spherical 2-code if the number
of inner products between two distinct vectors in X is equal to 2. In this paper, we
characterize the tight complex spherical 2-codes by doubly regular tournaments or skew
Hadamard matrices. We also give certain maximal 2-codes relating to skew-symmetric
D-optimal designs. To prove them, we show the smallest embedding dimension of a
tournament into a complex sphere by the multiplicity of the smallest or second-smallest
eigenvalue of the Seidel matrix.

Key words: complex spherical s-code, doubly regular tournament, skew Hadamard matrix,
skew-symmetric D-optimal design, representable graph, main angle, main eigenvalue, graph
spectrum.

1 Introduction

Let X be a finite set of points on the complex unit sphere (d) in C¢. The angle set A(X) is
defined to be

AX) ={z"y |,y € X,z # y},

where x* is the transpose conjugate of a column vector x. A finite set X is called a complex
spherical s-code if |A(X)| = s and A(X) contains an imaginary number. The value s is called
the degree of X. For X, X' C Q(d), we say that X is isomorphic to X' if there exists a unitary
transformation from X to X’. An s-code X C §(d) is said to be largest if X has the largest
possible cardinality in all s-codes in ©(d). One of major problems on s-codes is to classify
largest s-codes for given s and d.

We will survey Euclidean finite sets with only s distances. For X € R%, we define

D(X) = {d(z,y) | v,y € X,z # y},

where d(z,y) is the Euclidean distance of z and y. A finite set X is called an s-distance set
if |[D(X)| = s holds. We have an upper bound for the size of an s-distance set in RY, namely
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X < (dis) 2]. Clearly the largest 1-distance set in R? is the regular simplex for any d.
Largest 2-distance sets in R? are classified for d < 7 [9, 11]. Largest s-distance sets in R?
are classified for s < 5 [10, 19, 20]. The largest 3-distance set in R® is the vertex set of the
icosahedron [21]. The classification of largest s-distance sets is still open for others (s,d). A
largest 2-distance set in R® is given in [11], and it attains the upper bound.

A spherical s-distance set particularly deserves attention because of the connection to
association schemes or spherical t-designs (see [7, 1] for details). A subset X of S%~! is called
a spherical t-design if for any polynomial f in d variables of degree at most t, the following

equality holds:
1

1
W i f(z)dx = mg{f@)v

where |S97Y| is the volume of S9~!. If a spherical t-design X of degree s satisfies t > 2s — 2,
then X has the structure of a Q-polynomial association scheme [7]. The size of an s-distance
set in S9! is smaller than or equal to (dﬁ;”*l) + (d;Lff) [7]. An s-distance set X is said to
be tight if X attains this bound. A tight s-distance set becomes a minimal spherical t-design
and satisfies t = 2s [7]. The classification of tight s-distance sets is one of the most interesting
problems, and this has been solved except for s = 2 [4]. A largest 2-distance set on Sa-1 g
determined for d < 93 (d # 46, 78) [13, 5]. A largest 3-distance set on S?~! is determined for
d=2,3,8,22 21, 14].

A simple graph G = (V, E) is representable in RY if there is an embedding o : V — R?
such that
a if (a,b) € E,

B otherwise,

d(o(a),0(b)) = {

for some «, 8 € R. For a simple graph G, Roy [18] gave an explicit expression of the minimal
dimension d such that G is representable in R? in terms of the multiplicity of the smallest or
second-smallest eigenvalue of A. This embedding of a graph is useful for the classification of
2-distance sets [9, 11].

Roy and Suda [17] gave the complex analogue of the spherical s-distance set theory.
Complex spherical s-codes are closely related to complex spherical designs or non-symmetric
association schemes. In this paper, we consider a complex spherical 2-code X C Q(d). If X
satisfies A(X) C R, then the Gram matrix of X is real, and X can be embedded into RY.
We may assume A(X) contains an imaginary number «, and A(X) = {«, @}, where @ is the
conjugate of . We have a natural upper bound [17]:

X| < {Qd—i—l ?fd?s odd, (11)
2d if d is even.

A 2-code X is said to be tight if X attains the bound (1.1). This is known as the absolute
bound.

A tournament is a directed graph obtained by assigning a direction for each edge in an
undirected complete graph. Formally, a tournament is a pair (V, E) such that the vertex set
V is a finite set and the edge set £ C V x V satisfies ENET = () and EU ET U {(z,2) |
r €V} =V xV,where ET := {(z,y) | (y,z) € E}. A complex spherical 2-code X has the
structure of a tournament (X, E), where £ = {(z,y) € X x X | z*y = a}. A tournament
(V,E) is representable in §2(d) if there exists a mapping ¢ from V to §2(d) such that for all



distinct z,y € V,
aif (z,y) € E,
aif (y,z) € E,

p(z) p(y) = {

where « is an imaginary number with Im(«) > 0. Such a mapping ¢ is said to be a represen-
tation of a tournament. We identify a representation with the image of the representation.
Two tournaments G = (V, E),G' = (V', E') are isomorphic if there is a bijection from V to
V'’ such that (z,y) € E if and only if (f(z), f(y)) € E'. For two tournaments G and G’, if
G is not isomorphic to G’, then a representation of G is not isomorphic to that of G’. Let
Rep(G) denote the smallest d such that G is representable in Q(d). The Seidel matriz of G is
defined to be /—1(A— AT), where A is the adjacency matrix of G. In Section 3, we determine
Rep(G) by the multiplicity of the smallest or second-smallest eigenvalue of the Seidel matrix
of G.

A tournament G is said to be doubly reqular if the number of the neighbors of a vertex
does not depend on the choice of the vertex and the number of the common neighbors of a
pair of distinct vertices does not depend on the choice of the pair. An n x n (£1)-matrix of
H is called a skew Hadamard matriz if H+ HT =21 and HH" = nlI, where I is the identity
matrix. Let X C Q(d) be a 2-code, and A the adjacency matrix of the tournament obtained
from X. It is known that the existence of a doubly regular tournament of 4d + 3 vertices is
equivalent to that of a skew Hadamard matrix of order 4d + 4 [16]. In Section 4, we give the
following characterizations of tight 2-codes and 2-codes with n = 2d where d is odd.

(1) For odd d, X is a tight complex 2-code if and only if A is the adjacency matrix of a
doubly regular tournament.

(2) For even d, X is a tight complex 2-code if and only if I + A — AT is a skew Hadamard
matrix.

(3) For odd d, X is a complex 2-code with n = 2d if and only if either A is the adjacency
matrix of an induced subgraph of a doubly regular tournament by deleting a vertex, or
its Seidel matrix S satisfies that S? is permutationally similar to

kI+1J 0
0 EI+1J)’

for some positive integers k, [.

We note that the last case in (3) includes skew-symmetric D-optimal designs [8, 23]. The
table of the number of non-isomorphic tight 2-codes in (d) for d < 14 is obtained by a
computer calculation based on Theorem 3.2 in [3].

2 Results on main eigenvalues

In this section we give results on main eigenvalues of a Hermitian matrix which will be used
later. Let H be a Hermitian matrix of size n with s distinct eigenvalues 7 < --- < 7. Let
FE; be the orthogonal projection matrix onto the eigenspace corresponding to 7;. The main
angle B; of 7; is defined to be the value

Bi = L (Ei - 5)*(Ei - j),

B



where j is the all-ones vector. It is clear that 0 < 5; < 1 and Zle 522 =1.
Let J denote the all-ones matrix.

Lemma 2.1 ([15]). Let H be a Hermitian matriz of size n with s distinct eigenvalues 11 <

- < Ts. Let B; be the main angle of ;. Let M = H + aJ, where a is a complex number.
Then

where Py is the characteristic polynomial of matriz M.
An eigenvalue 7; is said to be main if 3; # 0.

Theorem 2.2. Let H be a Hermitian matriz of size n, and M = H + aJ, where a is a real
number. Let 71 < 7o < --- < T, be the distinct main eigenvalues of H, and (5; the main angle
of Ti. Let p1 < po < -+ < g be the distinct main eigenvalues of M. Then r = s holds, and

f@) =T =) = [[(r —2) 1 +a > —). (2.1)

i=1 i=1 j=1

Moreover, if a > 0, then 71 < p1 < 12 < -+ < 7 < py, and if a < 0, then p1 < 11 < po <
- < /’LT < Tr.
Proof. By Lemma 2.1, we have the equality

S

H(,u,i—:(:):H , — ) l—i—az

i=1 i=1

—) (2.2)

By comparing the degrees of the polynomials in both sides, we obtain s = 7.
Let f(x) be the polynomial in (2.2). It is easily shown that for a > 0,

f(r)>0,ifi=1 mod 2,
f(r) <0,ifi=0 mod 2,
llm f(z)<0,ifr=1 mod 2,
lim f(x) >0,ifr=0 mod 2.

This implies that 7 < py <12 < --+ < 7 < py. By the same manner for H = M — aJ with
a <0, we can show puy <71 < o+ < iy < Tp. O

3 Representations of a tournament

In this section, we determine Rep(G) by the multiplicity of the smallest or second-smallest
eigenvalue of the Seidel matrix of G. Let G = (V, E) be a tournament with n vertices. The
adjacency matriz A of G is the matrix indexed by the vertex set V', with entries given by

1if (z,y) € E,
Agy = i
0 otherwise.



The Gram matrix of a representation of G, with adjacency matrix A, can be expressed by
aA+aAl — 11,

where « is an imaginary number, and 7 is a negative real number. Note that 7 should be
the smallest eigenvalue of aA + @AT to minimize the rank. To determine Rep(G), we will
consider o for which the multiplicity of the smallest eigenvalue of oA + @A’ is maximum.

Theorem 3.1. Let G be a tournament with n vertices, and A the adjacency matriz. Let
T < Ty < --- < Tg be the distinct eigenvalues of S = /—1(A — AT), B; the main angle of T;,
and m; the multiplicity of ;. Let « be the angle with Im(a) > 0 of the representation of G in
Q(Rep(G)). Then the following hold.

(1) If 1 = 0, then Rep(G) =n—mq — 1, and a = (1 — c1/—1)/(1 + ¢171), where ¢1 =
>i—a B} /(i — 7).
(2) If p1 #0, and my > 1, then Rep(G) =n —my, and a« = —/—1/71.

(3) If mi =1, f2 =0, and co <0, then Rep(G) =n —ma — 1, and a = (1 — co/—1)/(1 +
cama), where cy =nfY/(r — m2) + 3y nB}/(7i — 7).

(4) Otherwise Rep(G) =n — 1.
Proof. For o/ = a++/—1 with a € R, we have
A+ /AT = aJ +V/—1(A - AT) —al.

The multiplicity of the smallest eigenvalue of o/ A4+a’ AT is equal to that of M = a.J++v/—1(A—
AT). We would like to find a € R such that the multiplicity of the smallest eigenvalue of M
is maximum. Let 7, < --- < 7, be the distinct main eigenvalues of S, and p;, < --- < py,
those of M. Let f(x) be the polynomial defined as in Theorem 2.2.

(1) By B1 = 0, we have 71 < 7,. We would like to find a € R such that p;, = 7.
For such a, the multiplicity of the smallest eigenvalue 71 of M is maximum, and equal to
mi + 1. By Theorem 2.2, 1y, = 71 if and only if f(71) = 0, namely, a = —1/c;. Therefore
Rep(G) = n—my—1for a = —1/c;. By rescaling the diagonal entries of o/ A+a/ AT — (71 —a)I
to 1, we obtain o = (1 — ¢;/=1)/(1 + c171y).

(2) Since B1 # 0, we have 71 = 7, # fu, by Theorem 2.2. Therefore, if a # 0, the
multiplicity of the smallest eigenvalue of M is at most my—1. Thus, for a = 0, the multiplicity
of the smallest eigenvalue of M is maximum, and equal to m;. Hence Rep(G) = n —m1, and
o = —\/jl/Tl.

(3) By c2 < 0, we have ;1 > 0 and 71 is a main eigenvalue. We would like to find a € R such
that p;, = 72. For such a, the multiplicity of the smallest eigenvalue 79 of M is maximal, and
it is mg + 1. By Theorem 2.2, y1;, = 7 if and only if f(72) = 0 and a > 0, namely, a = —1/c
and cp < 0. Therefore we obtain Rep(G) =n —ma — 1, and a = (1 — cav/—1)/(1 + cam2).

(4) If a = 0 and mq = 1, then the multiplicity of the smallest eigenvalue of M is clearly 1.

Suppose 51 # 0, m; =1, B2 =0, and ¢a > 0. If @ > 0 holds, then p;, < 7 by f(m2) <0
and lim,_,_~ f(z) > 0. If a < 0 holds, then y;, < 71 by Theorem 2.2. The multiplicity of
the smallest eigenvalue p;, of M is 1.

Suppose 51 # 0, my = 1, B2 # 0. Then for any a # 0, the multiplicity of the smallest
eigenvalue y;, of M is 1 by Theorem 2.2.

From the above facts, Rep(G) = n — 1 follows. O



Note that the conditions (1)—(4) in Theorem 3.1 are disjoint. A tournament which satisfies
the condition (7) in Theorem 3.1 is said to be of Type (i) fori = 1,...,4. There is a tournament
of each type. Lemmas 4.3, 4.4, and Remark 4.9 give examples of Type (1), (2), and (3),
respectively.

4 Tight complex spherical 2-codes

In this section, we give bounds on complex spherical 2-codes. We also characterize the tight
2-codes and 2-codes in Q(d) with n = 2d vertices, where d is odd in terms of doubly regular
tournaments, skew Hadamard matrix and some skew symmetric (0,+1)-matrices including
skew-symmetric D-optimal designs as an application of Theorem 3.1.

Let X be a finite subset in 2(d) of size n with degree 2, and let A be the adjacency matrix
of X. Example 6.3 in [17] shows that the following are equivalent:

(1) |X|=2d + 1.

(2) {I,A,J — A — I} forms the set of adjacency matrices of a non-symmetric association
scheme of class 2.

Theorem 4.1. Let X be a finite subset in Q(d) of size n with degree 2, and let A be the
adjacency matriz of X. If d is odd, | X| < 2d+ 1 holds. Equality holds if and only if A is the
adjacency matriz of a doubly regular tournament.

Proof. The absolute bound (1.1) shows that |X| < 2d + 1 holds. Example 6.3 in [17] shows
that equality holds if and only if {I, A, J— A—1I} forms the set of adjacency matrices of a non-
symmetric association scheme of class 2. The latter condition is equivalent to the condition
that A is the adjacency matrix of a doubly regular tournament. O

To prove Theorems 4.7, 4.8, we need the following lemmas.

Lemma 4.2. There exists no tournament A of Type (1) with n = 2d vertices and the spectrum
{(=0)4=1,02,(0)1} where 0 < 6.

Proof. Suppose that there exists such a tournament with Seidel matrix S. It holds that
Sj = 0 because g1 = 3 = 0 and the remaining eigenvalues are all 0. However it does not
happen because n = 2d. O

Lemma 4.3. Let d be an integer at least 3. Let A be the adjacency matriz of a tournament of
Type (1) with n = 2d vertices and the spectrum {(—0)41, (—¢)*, (o), ()1} where 0 < ¢ <
0. Then d is odd and A is the adjacency matriz of an induced subgraph of a doubly reqular
tournament by deleting a vertex.

Proof. Since the entries of S? are integers, the eigenvalues of S? are algebraic integers. There-
fore % and ¢? are integer because their multiplicities 2d — 2 and 2 are different. From taking
the trace of S2, it follows that the possibility of (62, ¢?) is (2d + 1,1) or (2d, d).

For the first case, A is the adjacency matrix of an induced subgraph of a doubly regular
tournament by deleting a vertex [15, Theorem 1.1]. Thus n + 1 = 2d + 1 must be congruent
to 3 modulo 4, which implies that d is odd.

For the second case, consider 621 — S2. Since 621 — S? is positive semidefinite and the
diagonal entries are all 1, the absolute value of an off-diagonal entry of this matrix must be at



most 1. In fact they must be zero because the size of the matrix #? — S? is even. Therefore
S% = (6? — 1)I, which contradicts the fact that S? has the other eigenvalue ¢2. O

Lemma 4.4. Let A be the adjacency matriz of a tournament of Type (2) with n = 2d vertices
and the spectrum {(—0)?,(0)?} where 0 < 6. Then d is even and I + A — AT is a skew
Hadamard matrix.

Proof. The fact that I + A — AT is a skew Hadamard matrix follows from direct calculation,
and thus d must be even. d

Lemma 4.5. Let A be the adjacency matriz of a tournament of Type (3) with the spectrum
{(—=0)Y, (=)@, (¢)?1,(0)'} where 0 < ¢ < 0. Then d is odd and the Seidel matriz S

satisfies that S? is permutaionally similar to

KL+ 0
(5" i) (4

for some positive integers k, .

Proof. By the condition of Type (3), B2 = 83 = 0 and B; = B4 = 1/4/2 hold. Consider the
eigenspaces of S2 — ¢2I. The main angle condition of S implies that the all-ones vector is
an eigenvector of S? — ¢?I corresponding to the eigenvalue #2 — ¢2. Since the multiplicity of
6% — ¢? is two, let = be the remaining normalized real eigenvector orthogonal to j. Then it
holds that

§? = I+ (67 — ¢°)((1/n)J + 2a™).

Comparing the diagonal entries, we observe that n — 1 = ¢* + (6% — ¢?)(1/n + 22) for each i,
where x; is the i-th entry of x. This implies that 7 is independent of the choice of i. Since
the vector x is normalized, we obtain x; = +1/y/n. The assumption that z is orthogonal to
the all-ones vector shows that each +1/y/n appears in the entries of x exactly same times.
After some permutation of entries, we may assume that the first half entries of z are 1/y/n
which means S? has the form

g _ (01 +250 0
- 0 Q21+ 2 g )

Since a vector S(j++/nx) is written as a linear combination of j,z and S = /—1(2A—J +1),

we have
J\ _ (aj
a(6) = ()

for some a,b. Letting A; be the principal submatrix of A lying the first d rows and columns,
then A1j = aj, namely A; is the adjacency matrix of a regular tournament of order d. This
implies d must be odd. ]

Lemma 4.6. Let X be a finite subset in Q(d) with degree 2 and size n = 2d. The possibilities
of the spectrum of S = /—1(A — AT) are as follows:

(i) X is of Type (1) with the spectrum {(—6)4=1,02, (9)4-1}.



(i) X is of Type (1) with the spectrum {(—0)?~1, (=), (¢)!, (0)?1} with 0 < ¢ < 6.

(iii) X is of Type (2) with the spectrum {(—0)¢, (0)7}.

(iv) X is of Type (3) with the spectrum {(—0)', (—#)?=L, (¢)41, (6)'} with 0 < ¢ < 0.
Proof. Follows from Theorem 3.1. O

Theorem 4.7. Let X be a finite subset of Q(d) of size n with degree 2, and let A be the
adjacency matriz of X. If d is even, | X| < 2d holds. Equality holds if and only if I + A — AT
s a skew Hadamard matriz.

Proof. A necessary condition for the existence of doubly regular tournaments is |X| = 3

(mod 4), namely d is odd. Therefore if d is even then |X| < 2d + 1, that is, | X| < 2d holds.
Let H be a skew Hadamard matrix of size n. Then n must be a multiple of 4. Define S =

V=1(H~I)and A = 3(—/=1S+J—1I). Then the spectrum of S is {(—v/n — 1)"/2, (v/n — 1)"/?}.

Thus A is of Type (2) and the minimum embedding dimension is d = n/2. Therefore n = 2d.
Let X be a finite subset of 2(d) with degree 2 and size n = 2d. First we consider the case

d = 2. In this case, the classification of tournaments of order 4 is given [12] and the list of A

are

01 11 011 1
001 1| . 3 000 1| . B

@ 1g o o 1| WithRep(@) =3 ()|, | o o[ with Rep(G) =2,
0000 00 1 0
1010]| . 100 1| .

© |o o o 1| WithRep(@) =3, (d) |, | o ;]| withRep(G) =2
0100 00 0 0

The tournaments (b) and (d) satisfy n = 2d, and in these cases, I + A — AT is a skew
Hadamard matrix.

Next we consider the case where d > 4. By Lemmas 4.2-4.6 and the assumption that d is
even, I + A — A7 is a skew Hadamard matrix as desired. O

Theorem 4.8. Let d be an odd integer at least 3. Let X be a finite subset of Q(d) of size n
with degree 2, and let A be the adjacency matriz of the tournament obtained from X. The
finite subset X has the size n = 2d if and only if one of the following occurs:

(i) A is the adjacency matriz of an induced subgraph of a doubly regular tournament by
deleting a vertex.

(ii) the Seidel matriz S satisfies that S? is permutaionally similar to

kI+1J 0
< 0 k:I+lJ>’ (42)

for some positive integers k., .



Proof. Let A be the adjacency matrix of an induced subgraph of a doubly regular tournament
by deleting a vertex. From Theorem 1.1 and Remark 2.8 in [15] A is of Type (1) and the
minimum embedding dimension is d = n/2. Therefore n = 2d.

Let S be the Seidel matrix which satisfies (4.2). By the block form of S2, the eigenvalues
S? are k + ld, k with multiplicities 2,2d — 2 respectively. Thus the eigenvalues of S are
+vk + Id, +vk with multiplicities 1, d— 1 respectively. The eigenvectors of S? corresponding
to k + ld are the all-ones vector and the (£1)-vector with the first d entries equal to 1 and
the last d entries equal to —1. This implies that main angles of S corresponding to +v/k are
0. Thus the adjacency matrix of S is of Type (3) and the minimum embedding dimension
d = n/2. Therefore n = 2d.

Let X be a finite subset in Q(d) with degree 2 and size n = 2d. By Lemmas 4.2-4.6 and
the assumption that d is odd, either A is the adjacency matrix of an induced subgraph of
a doubly regular tournament by deleting a vertex or the Seidel matrix S satisfies that S? is
permutaionally similar to (4.2) as desired. O

Remark 4.9. Chadjipantelis and Kounias [6, Theorem| showed that supplementary difference
sets construct (+1)-matrix S satisfying (4.2).

For the Seidel matrix S satisfying (4.2) with (k,I) = (n — 3,2), v/—1S + I is known
as the D-optimal designs [8, 23]. Let A, Ay be the adjacency matrices of doubly regular
tournaments of same order. Then a tournament of the adjacency matrix

A T

0 A
satisfies (4.2) for (k,l) = (d,d —1). For d = 2, this example corresponds to a skew D-optimal
design.

When d is odd, the number of tight 2-codes in §2(d) is equal to that of doubly regular
tournaments of order 2d + 1. When d is even, the number of tight 2-codes in ©(d) is that of
tournaments in the switching classe of the tournament obtained by adding one vertex with
no outward edges and all possible inward edges to a doubly regular tournament. If we use a
computer, the number of non-isomorphic tournaments in a switching class can be calculated
by Theorem 3.2 in [3]. Therefore if doubly regular tournaments are classified, then we can
determine the number of tight 2-codes. Doubly regular tournaments have been classified for
order at most 27 [22], and we can find the catalogue in [12]. Note that non-isomorphic doubly
regular tournaments may be in the same switching class. By using a computer calculation
based on Theorem 3.2 in [3], we can give the number of tight 2-codes as Table 1.

d |1 234 5 6 7 8 9 10 11 12 13 14
IX[|3 4 7 8 11 12 15 16 19 20 23 24 27 28
#1121 4 1 8 2 240 2 8956 37 11339044 722 9897616700

Table 1: Tight complex 2-code X in (d)

Acknowledgments. The authors would like to thank the anonymous referees for the use-
ful comments. Hiroshi Nozaki is supported by JSPS KAKENHI Grant Numbers 25800011,
26400003. Sho Suda is supported by JSPS KAKENHI Grant Numbers 15K21075, 26400003.



References

[1] E. Bannai, E. Bannai, A survey on spherical designs and algebraic combinatorics on
spheres, European J. Combin. 30 (2009), no. 6, 1392-1425.

[2] E. Bannai, E. Bannai, D. Stanton, An upper bound for the cardinality of an s-distance
subset in real Euclidean space, II, Combinatorica 3 (1983), 147-152.

[3] L. Babai, P. J. Cameron, Automorphisms and enumeration of switching classes of tour-
naments, Flectron. J. Combin. 7 (2000), Research Paper 38, 25 pages.

[4] E. Bannai, R. M. Damerell, Tight spherical designs. I, J. Math. Soc. Japan 31 (1979), no.
1, 199-207.

[5] A.Barg, W-H. Yu, New bounds for spherical two-distance sets, Ezp. Math. 22 (2013), no.
2, 187-194.

[6] Th. Chadjipantelis, S. Kounias, Supplementary difference sets and D-optimal designs for
n =2 (mod 4), Discrete math. 57 (1985), 211-216.

[7] P. Delsarte, J. M. Goethals, J. J. Seidel, Spherical codes and designs, Geom. Dedicata 6
(1977), no. 3, 363-388.

[8] H. Ehlich, Determinantenabschétzungen fiir bindre Matrizen, Math. Z. 83 (1964), 123—
132.

[9] S. J. Einhorn, I. J. Schoenberg, On euclidean sets having only two distances between
points. I. II. Nederl. Akad. Wetensch. Proc. Ser. A 69=1Indag. Math. 28 (1966), 479-488,
489-504.

[10] P. Erdos, P. Fishburn, Maximum planar sets that determine k distances, Discrete Math.
160 (1996), 115-125.

[11] P. Lisonék, New maximal two-distance sets, J. Combin. Theory, Ser. A 77 (1997), 318—
338.

[12] B. McKay, “http://cs.anu.edu.au/ bdm/data/digraphs.html”, catalogues of directed
graphs.

[13] O.R. Musin, Spherical two-distance sets, J. Combin. Theory Ser. A 116 (2009), no. 4,
988-995.

[14] O.R. Musin, H. Nozaki, Bounds on three- and higher-distance sets, Furopean J. Combin.
32 (2011), no. 8, 1182-1190.

[15] H. Nozaki, S. Suda, A characterization of skew Hadamard matrices and doubly regular
tournaments, Linear Algebra and Appl. 437 (2012), no. 3, 1050-1056.

[16] K. B. Reid, E. Brown, Doubly regular tournaments are equivalent to skew Hadamard
matrices, J. Combin. Theory, Ser. A 12 (1972), 332-338.

[17] A. Roy, S. Suda, Complex spherical designs and codes, J. Combin. Des. 22 (2014),
105-148.

10



[18] A. Roy, Minimal Euclidean representation of graphs, Discrete math. 310 (2010), 727-733.

[19] M. Shinohara, Classification of three-distance sets in two dimensional Euclidean space,
European J. Combin. 25 (2004), 1039-1058.

[20] M. Shinohara, Uniqueness of maximum planar five-distance sets, Discrete Math. 308
(2008), 3048-3055.

[21] M. Shinohara, Uniqueness of maximum three-distance sets in the three-dimensional Eu-
clidean space, arXiv:1309.2047.

[22] E. Spence, Classification of Hadamard matrices of order 24 and 28, Discrete math. 140
(1995), 185-243.

[23] M. Wojtas, On Hadamard’s inequality for the determinants of order non-divisible by 4,
Collog. Math. 12 (1964), 73-83.

11



