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1

{an}∞n=0 c
∞∑

n=0
an(x − c)n

x = c x = c Ô(c) x = c

x = c O(c) x = c

ai(x), f := f(x) ∈ O(c) u := u(x) m

m∑
i=0

ai(x)u
(i) = f (am(x) �≡ 0). (∗)

am(c) �= 0 x = c (∗) am(c) = 0 x = c (∗) x = c

(∗) u ∈ O(c) [12] x = c

u ∈ Ô(c) u ∈ O(c) (∗)
Ô(0), O(0) Ô, O 2

x(1− x)u′′ + (1− 3x)u′ − u = 0, (1.1)

x2v′ − v = −x. (1.2)

(1.1), (1.2) u =
∞∑

n=0
Cxn (C ∈ C), v =

∞∑
n=1

(n − 1)!xn

u, v 1, 0 u ∈ O, v �∈ O

1. (∗) f ∈ O (∗)

f

Laurent

. (∗)

(a)

(b)

(c) f Laurent Laurent
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2

∂ x ∂ =
d

dx

P =
m∑

i=0

ai(x)∂
i (am(x) �≡ 0, ai(x) ∈ O) (∗∗)

m (∗) Pu = f (∗∗)
m P ordP ordP > 0 ai(x) =

∞∑
j=0

aijx
j

ord ai(x) := min {j ∈ Z≥0 | aij �= 0} ai(x) ai(x) ≡ 0 ord ai(x) = ∞

1. (1.1), (1.2) P1 := x(1−x)∂2+(1−3x)∂−1, P2 := x2∂−1 P1u = 0, P2v = −x
ordP1 = 2, ordx(1− x) = 1

T : V → W KerT := {v ∈ V | Tv = 0}, ImT := {Tv ∈ W | v ∈ V }, CokerT := W/ImT, IndT :=

dimKerT − dimCokerT T P Ô, O
Ô, O Ind (P, Ô), Ind (P, O)

IrrP := Ind (P, Ô)− Ind (P, O) P

2. P = x∂2 Ker (P, Ô) = {c0 + c1x | c0, c1 ∈ C}, Coker (P, Ô) = {c0 + Im (P, Ô) | c0 ∈ C}
Ind (P, Ô) = 2− 1 = 1 dimKerP Pu = f dimCokerP Pu = f

f

T : V → V ′ W, W ′ V, V ′ T (W ) := {Tw | w ∈ W} ⊂ W ′

T : V/W � v +W �→ Tv +W ′ ∈ V ′/W ′ T T

3. O ⊂ Ô, P (O) ⊂ O P P : Ô/O � u+O �→ Pu+O ∈ Ô/O

(∗∗) ord (−1, 1)(P ) := max{i − ord ai(x)} P (−1, 1)

d = ord (−1, 1)(P ) in(−1, 1)(P ) :=
∑

i−j=d

aijx
j∂i P (−1, 1)

in(−1, 1)(P )xs =
∑

i−j=d

aijs(s− 1) · · · (s− i+ 1)xs−d =: b(s)xs−d s b(s) (−1, 1)

b

4. 1 P1 = x(1 − x)∂2 + (1 − 3x)∂ − 1 ord (−1, 1)(P1) = 1, in(−1, 1)(P1) = x∂2 + ∂, b(s) = s2

1 P2 = x2∂ − 1 ord (−1, 1)(P2) = 0, in(−1, 1)(P2) = −1, b(s) = −1

k Ô, O Ôk, Ok Ôk :=
{
f̂ ∈ Ô

∣∣∣ ord f̂(x) ≥ k
}
, Ok := {f ∈ O | ord f(x) ≥ k}

k < 0 Ôk = Ô, Ok = O

5. Ô1 =

{ ∞∑
n=1

anx
n

∣∣∣∣ an ∈ C
}

=

{
x

∞∑
n=0

anx
n

∣∣∣∣ an ∈ C
}

= xÔ
∞∑

n=1
(n− 1)!xn ∈ Ô1

Ô, O Laurent Laurent K̂, K K̂
Laurent

∞∑
n=−N

anx
n (an ∈ C)

6. x−1 Ô, O K̂, K f =
∞∑

n=0
nxn ∈ Ô, g =

∞∑
n=0

xn+2 ∈ Ô g = x2
∞∑

n=0
xn

x2/(1− x) f/g ∈ K̂ Laurent
1− x

x2

∞∑
n=0

nxn =
∞∑

n=−1
xn
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1. (∗∗) am(0) = 0 P

(−1, 1) b b(s) m k l ≥ k l

b(l) �= 0 d = ord (−1, 1)(P ) 8

(1) dimKer (P , Ô/O) = 0,

(2) IrrP = 0,

(3) Ker (P, Ô) = Ker (P, O) Coker (P, Ô) = Coker (P, O),

(4) dimCoker (P : Ok → Ok−d) = 0,

(5) m− ord am(x) ≥ i− ord ai(x) (0 ≤ i ≤ m),

(6) ordP = ord
(
in(−1, 1)(P )

)
,

(7) dimKer (P , K̂/K) = 0,

(8) dimKer (P, K) = 0.

1

(1) 1 f ∈ O Pu = f u ∈ Ô
u ∈ O Pu = f 1

dimKer (P, Ô/O) �= 0 2 f ∈ O û ∈ Ô \ O Pû = f

f 0

7. 1 P2 = x2∂ − 1 P2u = −x u =
∞∑

n=1
(n− 1)!xn 3

dimKer (P2, Ô/O) �= 0

P

O

Ô

O

Ô

fu

1 dimKer (P, ̂O/O) = 0

P

O

Ô

O

Ô

fû

2 dimKer (P, ̂O/O) �= 0

P2

O

Ô

O

Ô

−x

∞∑

n=1
(n− 1)!xn

3 dimKer (P2, ̂O/O) �= 0

1 Pu = f

Pu = f P (a)

(2) IrrP Ind (P, Ô) = Ind (P, O) P KerP

Pu = f u CokerP Pu = f f

f IndP P P

Pu = f u f Pu = f

Ô O Pu = f

(3) Ker (P, Ô) ⊂ Ker (P, O) Pu = f

Pu = f Ker (P, Ô) = Ker (P, O)

Coker (P, Ô) = Coker (P, O)

Pu = f f Ô O
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8. P2 = x2∂ − 1 Ker (P2, Ô) = Ker (P2, O) = {0} −x + Im (P2, Ô) �∈ Coker (P2, Ô), −x +

Im (P2, O) �∈ Coker (P2, O) Coker (P, Ô) �= Coker (P, O) P2u = f

(4) b k P : Ok → Ok−d 4

k − d f ∈ Ok−d Pu = f u ∈ Ok

Pu = f

f [8]

9. P = x(1− x)∂2 + (γ − (α+ β + 1)x) ∂ − αβ (α, β, γ ∈ C) Pu = 0 Gauss

ord (−1, 1)(P ) = 1 b b(s) = s(s+ γ − 1) b(s) = 0 ⇐⇒ s = 0, 1− γ

(i) γ ∈ Z≤0

1− γ k = 2− γ 5 f ∈ O1−γ

Pu = f u ∈ O2−γ

(ii) γ �∈ Z≤0

1− γ k = 1 6 f ∈ O0 = O
Pu = f u ∈ O1 0

O O

Ok
Ok−dfu

P

4 dimCoker (P : Ok → Ok−d) = 0

O O

O2−γ
O1−γf

u

P

5 γ ∈ Z≤0

O O

O1

Of
u

P

6 γ �∈ Z≤0

(5) Fuchs Pu = f

Pu = f

(5) (6) Newton (∗∗) s-t Q(i) :=

{(s, t) ∈ R2 | s ≤ i, t ≤ i− ord ai(x)} (0 ≤ i ≤ m) N(P ) P Newton

Newton N(P ) Pu = f

(6) Newton t (7) Newton s

10. 1 P1 = x(1− x)∂2 + (1− 3x)∂ − 1, P2 = x2∂ − 1 P1 (5) P2 (5)

P1, P2 Newton 7 P1u = f

P2u = f

s

t

O s

t

O

N(P1) N(P2)

7 Newton

(5)

(6) (b)
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(7) (1) Ô, O K̂, K Laurent

(c) f ∈ O Ô O K̂( K)

Pu = f

11. P3 := x∂ + 1 Pu = 0 Ô O u = 0 K̂( K)

u = cx−1 c ∈ C

(8) P Ind (P, K̂) = 0 3.3

Ind (P, K̂) = Ind (P, K) (2) Laurent Ind (P, O) = Ind (P, K)

dimKer (P, O) = dimKer (P, K), dimCoker (P, O) = dimCoker (P, K)

12. 11 P3 = x∂ + 1 dimKer (P3, O) = dimCoker (P3, O) = Ind (P3, O) = 0

P3u = f Ind (P3, K) = 0 11 Ker (P3, K) =

{Cx−1 | C ∈ C} P3u = f (f ∈ K) K f x−1 0

Coker (P3, K) = {Cx−1 + Im (P3, K) | C ∈ C} dimKer (P3, K) = 1, dimCoker (P3, K) = 1

dimKer (P3, K̂) �= dimKer (P3, Ô), dimCoker (P3, K) �= dimCoker (P3, O)

.

(a) 1

(b) Fuchs Newton

(c) Ind (P, Ô) = Ind (P, K̂) Ind (P, O) = Ind (P, K)
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