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Abstract

We consider the Cauchy problem to some linear partial differential equations with entire Cauchy data. We see

that the summability condition for the formal solution is equivalent to the convergence in some case.

1 Introduction

We shall consider the following Cauchy problem for linear partial differential equations
Ofult, x) = Ofuf(t, ),

(CP) ,
uw(0,z) = p(x) € Oy, Ou(0,2) =0 (1<i<p-—1),

where (¢, x) € C2, p and ¢ are natural numbers with ¢ > p, and O, denotes the set of all holomorphic functions in a neighborhood

of the origin x = 0. The Cauchy problem (CP) has a unique formal solution of the form

L) At =3 e @) S @) € OulHko) (k(O) P >

|
n>0 <pn) n>0

which is divergent in general by the assumption that g > p.
Here the notation O,[[7]],, denotes the set of formal power series in ¢ with the coefficients u,(x) which are holomorphic in a

common closed disc B(r) := {x € C; |x| <r} for some r > 0 and satisfy the following Gevrey type estimates

(1.2) max |u,(z)| < CK"T'(1 4+ n/k)

Jol<r

with some positive constants C and K for any nonnegative integer #. In this case, we say that the Gevrey order of 4 is (at most)
/k.
In order to explain our problem, we define a class Exp(y; C) or Exp,(7y; C) of entire functions for v > 0 by

Exp(y;C) := {f(x) € O(C); |f ()] < Cexp(d|z|”) for some C,0 > 0},
where (O(C) denotes the set of entire functions. By an easy calculation, we see that
f(z) € Exp(;C) <= |f™(0)| < AB"(n!)'"

for all n by some positive constants 4 and B. From this fact, a characterization of the convergence of the formal solution (1.1) is

stated as follows.

Theorem 1 (Miyake [4]) The formal solution U(t, x) is convergent if and only if p(x) € Exp(q/(q — p); C) for the Cauchy data.

We assume that the Cauchy data ¢(x) belongs to a class of entire functions as follows
(1.3) p(x) € Exp(¢/t;C), 0<l<q—p—1(LeN).

When ¢ = 0, we understand that Exp(¢/0; C) = O,, which does not make any contradiction in the results. In this case, we have

for the Gevrey order of the formal solution

(1.4) a(t,z) € Oullt]]iyre, k() =p/(g—p—1) = k(0) =p/(q—p).
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Our problem is to give a characterization of k({)-summability of the formal solution (1.1) under the assumption (1.3) for the
Cauchy data.

The organization of the paper is as follows. In Section 2, we give a definition of k-summability and we review a result of £(0)-
summability of U(z, x). In Section 3, we give the main Theorem (Theorem 3) and its corollary. For proving the main Theorem,
we give a result of k(£)-summability of 2(z, x), which has already obtained in our papers [5, 6], and give a rough proof in Section

4. In Section 5, we give a proof of the main Theorem.

2 Review of a result of £(0)-summability

We first give the definition of Gevrey asymptotic expansion and k-summability (cf. [1]).

Ford € R, a>0and p (0 < p <), we define a sector S = S(d, a, p) by
S(d,a,p) :={t € C;|d —argt| < a/2, 0 < |t| < p},

where d, o and p are called the direction, the opening angle and the radius of S, respectively. We write S(d, a, ©°) = S(d, o) for
short.
Let k>0, 0(z, x) = Z;;O:Ovn(x)t"e (’)g;[[t]]1 s« and v(z, x) be an analytic function on S(d, a, p) X B(r). Then we say that v(¢, x)
has a Gevrey asymptotic expansion U(z, x) of order k in S(d, a, p), which is denoted by
v(t,x) =, o(t,z) in S(d,a,p),

if for any closed subsector S’ of S(d, a, p), there exist some positive constants C and K such that for any N, we have

N-1
(2.1) Iﬁix v(t,x) — Zvn(g:)t” < CKM[t"T(1+ N/k), teS.
Tsr n—0

For k> 0,d € R and 0(t, x) € O4[[1]],,, e say that 0(z, x) is k-summable in d direction, which is denoted by ¥(z, x) €
O, 1} 4 if there exist a sector S = S(d, a, p) with o > #/k and an analytic function v(z, x) on S X B(r) such that v(Z, x) =; 0(t, x)
inS.

We remark that the function v(z, x) above for a k-summable 0(t, x) is unique if it exists. Therefore such a function v(z, x) is
called the k-sum of (¢, x) in d direction.

Now, we give a result of the £(0)-summability for the formal solution (1.1) of (CP).

Theorem 2 (Miyake [4]) Let p(x) € O, for the Cauchy data. For d © R and & > 0, we put

(2.2) (d,e) = U s (pd+ 2mJ 5> .

q
Then U(t, x) € Ot} woya I and only if the following conditions are satisfied.
(i) w(z) €0 (Qd,2)), (i) lp(@)| < Cel" ™ (2 € Qn(d,e))

by some positive constants C and 8. Here (O(Q) denotes the set of holomorphic functions on a domain Q.

The conditions (i) and (ii) can be expressed in a simplified form as follows. Let us define

<
|
—

D(2,0) ==Y p(z+wl() (wg=e"9).

Il
=}

Then the conditions (i) and (ii) are equivalent to that

(2.3) (z, () € Exp, (qﬁp S(pd/q,el))

uniformly in x in a neighborhood of x = 0 by some positive constant ¢,.
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3 Main Theorem
In the following, we assume that
(3.1) p(x) € Bxp(¢/6:C), 0<e<q—p—1(CEN)

In this case, the Gevrey order of the formal solution is given by

(3.2) a(t,x) € Oulltlliyney, k() =p/(@—p—€) > k(0)=p/(g—Dp)

Our problem is to obtain the corresponding result with £ > 1 to Theorem 2 with £ = 0 under the assumption (3.1). Before giving
our results, we give a definition of k-summability on an interval for formal series.

Let I C R be an interval. For k> 0 and (t, x) € O,[[£]],,, we say that U(t, x) is k-summable on 7, which is denoted by ¥(z,
%) € Ogfty,,, ifforany d € 1,9(t, x) € Onft}, .

Now, our main theorem is stated as follows.

Theorem 3 We assume that p(x) € Exp (¢/{; C).
* When £ =1, for given d € R and £ > 0, let 1 (p, €) be an interval (d — 7/(2p) — &, d + m/(2p) + ¢). Then we have

u(t, ) € Op{thr).pe <= w(r) € Exp(q/(q —p); % (d,e"))

for a sufficiently small &'> 0, where Qg(d, &) is given by (2.2).
o When { > 2, we have

a(t,z) € O <= o(x) € Exp(q/(q — p); Q(d, £)).

From Theorems 1 and 3, we have the following corollary.

Corollary 4 We assume that p(x) € Exp(q/l; C) with £ > 2. Then we have

¢(x) € Exp(q/(q —p); 4 (d,e)) < o(z) € Exp(q/(¢ —p); C).

Corollary 4 can be also proved directly by using a theorem of Phragmén [7, p. 342]. We omit the detail.

Remark 5 The results for q-difference-differential equations corresponding to Theorem 3 and Corollary 4 for partial differential
equations have been already obtained (cf. [2]).

We give an important lemma of the summability theory for proving Theorem 7, which will be given in next section (cf. [1, 3,

4]).

Lemma 6 Let k>0,d € R and f(t, x) € Ox[[t]]l/k. Then the following two statements are equivalent.

i) f(t,2) € Ouft}ra-

(ii) Let {k;}7_, (k; > 0,J > 1) satisfy 1/k = 1/ky +---+1/k;, and we define g(s,z) by
iterated formal Borel transforms of f (t,x)

(3-3) g(s,x) = (Bi, 0+ 0 By, f)(s,2),
where the formal k-Borel transform Bk is deﬁned as follows: for f (t,x)= Zn>0 1,(X)t", we define

n>0

L(1+n/k)

Then g(s, x) © Expy(k; S(d, ) X B(r)) for some e >0 and r> 0.
Moreover, under the condition (i), the k-sum f (t, x) of f (t, x) is given by the iterated Laplace transforms of g(s, x)

(3.4) ft,x) = (Ly a0 0Lk, a9)(t ),
where
(Lrag)(t @) = tlk /0 e (- (‘z)k> g, 2)d(s")

_3_



Kunio ICHINOBE

with the path taken from 0 to « along arg s = d. We write £k7dg = Lg for short.
At the end of this section, we give the definition of Borel transform ([1]). Let S = S(d, a, p) be a sector with o > z/k. If f (s) is

analytic in S and is bounded at the origin, we define the k-Borel transform of f by
—k (/)
(Bef)(7) = 5= fs)el* ds /s,
270 S (a)

where 7y;(d) denotes the path from the origin along arg s = d + (& + 7)/(2k) to some point s, with a positive ¢, then along the circle

Is| = |s,| to the ray arg s =d — (¢ + m)/(2k), and back to the origin along this ray such that v (d) C S.

4 A result of k£(f)-summability

Before giving a proof of Theorem 3, we give a result of k(£)-summability for the formal solution U(z, x) of (CP) which was given

in [5, 6] and we give a rough proof.
Theorem 7 Let ¢(x) € Exp(q/l; C) (1<l <q — p — 1) andd € R.Then Wz, x) € Op{t} g K()=plig — p = O) if
-1
(41) Py(z, () = QZSO(Q«" +wiC) € Expe(a/(g = p); S(pd/g,))  (wq = €™/
j=0
uniformly for small |x|. ]
Proof of Theorem 7 We recall k() =p/(g — p — £) and we assume that

¢(z) € Exp (¢/¢;C).

Let v(s, x) be (¢ — p — ) times iterated formal p-Borel transforms of @

R (qn) €T SPTL
(4.2) u(s, @) = (B fa)(s,2) = ) )

= (pn)! nlo—p=7

which is convergent in a neighborhood of (s, x) = (0, 0). Then for the proof of k(¢)- summability of (¢, x) in a direction d, it is
enough to prove

(4.3) v(s,x) € Exp,(k(£); S(d, e1) x B(r)) (k(£) =p/(g—p—1))
for some positive constants ¢, and 7 under the assumption ®(x, {) & Exp,(q/(q — p); S(pd/q, €)) uniformly for x & B(r). For that
purpose, we further take £ times iterated p-Borel transforms for v(s, x) and put

gp(qn)(x) Thn
(pn)! nla—r

(4.4) w(r,z) = (Blv)(r,x) = (BIPi)(r,0) =

n>0

In this case, from the fact v(s, x) € O ; or p(x) € Exp(q/{; C), we see that w(z, x) € Exp, (p/¢; C?). Moreover, we can prove

the following lemma.

Lemma 8
(4.5) w(r,x) € Exp, (p/(q —p); S(d,€}) x B(r))

for a sufficiently small ', > 0,
By admitting Lemma 8, we immediately get the desired property (4.3) for v(s, x). In fact, since v(s, x) is given by

0
v(s,r) = (Lw)(s, ),
we get the desired estimate for (s, x) by repeating the following lemma (cf. [1]).
Lemma 9 We assume f (1) € Exp, (p/q; S(d, ¢)), where p, g € N. We put F (s) = (L, f)(s). Then we have F (s) €

Exp, (p/(q — 1); S(d, w/p + &) with &' <e.

Finally, we give a outline of a proof of Lemma 8. In the expression (4.4), after using the Cauchy integral formula for ¢(x), we
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represent the integral kernel function as a hypergeometric series. From the properties of an analytic continuation and the

singularity of the kernel function, we can obtain the desired estimate for w (cf. [5, 6, 2]).

Remark 10 We remark that under the assumptions ¢(x) € Exp(g/l; C) and (4.1), we can prove U(t, x) € O {t} wtas2nipJOr 0 <
i<p— 1

5 Proof of Theorem 3
By Remark 10 in the previous section, we see that Lemma 8 is rewritten as follows.
w(r,x) € Exp, (p/(a — p); Sp(d, €1) x B(r)),
where S,(d, ', ) = Ul S(d + 2ailp, €', ). Moreover, by Lemma 9, we have
(5.1) v(s,z) = (,Cf;w)(s, x) € Exp,(k(0); Sp(d, g2 + m/p) x B(r)),
where ¢, <¢'|.
5.1 Proof of Theorem 3 when £ > 2

When (> 2, since S,(d, &, +{n/p) D C, we see from (5.1) that v(s, x) € Exp,(k({); C X B(r)), which means that t(z, x) € Otz
. Inversely, if u(t, x) € Om, it is obvious that ¢(x) € Exp(¢/(¢ — p); C) from Theorem 1.

5.2 Proof of the necessity of Theorem 3 when £ =1
When ¢ = 1, we have (s, x) € Exp,(k(1); S(d, &, + @wp) X B(r)). Therefore by putting the interval /,(p, &) for a sufficiently
small "> 0 by

Ii(p,e’) = (d—n/(2p) — €', d+7/(2p) + ),

we see that for any d € L(p, ¢"), we have U, x) € Ox{t}k(l)_(i'

5.3 Proof of the sufficiency of Theorem 3 when £ =1
We prove that ¢(x) € Exp(q/(q —p); Qg(d, ¢") under the assumption U(z, x) € O, {t} k(1)
k(1)=pl(g — p — 1)and

d + 2
Qb(d,€) US(p 21 s’), Id(p,E)—<d—27;—€,d+27;+€>.

We put d(i) =d + 2mi/p fori=0, 1, ..., p — 1. Then by Remark 10, we have u(z, x) € Ow{t}k(l),ld(L)([z,s) fori=0,1,...,p — 1.
Let v(s, x) = (Bgfpflﬁ)(s, x). Then v(s, x) satisfies the following Cauchy problem which is obtained by the iterated formal
Borel transforms of (CP)

() for some positive ¢’ and ¢, where

a’s’&q*pilv(s,x) = 0%v(s,x),
(52) 0(0,2) = () € O(C),
Ov(0,z)=0 (1<i<p-1),

where (5~S = (1/p)so,. In fact, it is deduced from the following commutative diagram.

4pn B s
nla—p—1
3f agé;qufl
(p’fl)' tp(nfl) Bg_p_l (pn)' Sp(n—l)
i~ D) (ln— 1)1 (n — T
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Then we remark that v(s, x) © Exp(k(1); S, (d, &, + @/p) ¥ C) for some positive R and ¢, since U(t, x) € O, {t} KO La(ope) for
0<i<p — 1, where

S, r(d, @) == B(R) U S,(d, ), U S < 4 2m a>

for o> 0.
Now, we can regard v(s, x) as a unique solution in a neighborhood at (s, x) = (0, 0) of the following Cauchy problem with

respect to x direction

(955;(1_1)_11}(3,93) = 0%(s,x),

(5.3) .
8;”(370) = ¢j(8> € 08 (0 <j<q-— 1)7

for some functions ¢(s). Here we remark that the equation (5.3) is of Kowalevski type for partial differential equations.
In this case, we can assume that ¢,(s) € Exp(k(1); S, x(d, &, + n/p)) for all j.
We put

Tpn

(5.4) w(r,x) = (By)(r,z) = (Bq Pa)( Z i

n>0

n!‘l*P '
Then w(z, x) satisfies the following Cauchy problem

5. " o (6)w(r,x) = Ow(r, x),
(5.5) w(0,7) = ¢(z) € O(C),
Ow(0,2) =0 (1<i<p-1).

For this w(z, x), we can regard w(z, x) as a unique solution in a neighborhood at (z, x) = (0, 0) of the following Cauchy problem

with respect to x direction

ovs,." "w(r,x) = Otw(r, x),

(5.6) _
Quw(r,0) = (1) (0<j<g-1)

Here for 0 <j<gq — 1, y(7) are given by p-Borel transform of ¢ (s)

211

6.7 ) = Bo)0) = ok [ sl

where d € R is arbitrary. In this case, since ¢(s) & O,, we see that y (1) & Exp(p; C) for all j. Moreover, since g(s) &
Exp(k(1); S, x(d, &, + @/p)) (0 <j < g — 1), we have the following lemma, which is immediately obtained from the property of
Borel transform (cf. [1]).

Lemma 11
(5.8) ¥;(1) € Exp(p/(q —p); Spld,e7)) (0<j <q—1),

for a sufficiently small ¢',.

Let us prove ¢(x) = w(0, x) € Exp(q/(qg — p), Q{I’(d, &) under the assumptions (5.8).
In the following, we write y/(7) by w(z) and we assume that y(7) =0 (1 <j < ¢ — 1) without loss of generality.
Since w(z, x) satisfies the Cauchy problem (5.6), by putting wW(z, x) = ano w,(v)x"/n!, we have

"

w(r,z) = (078, ") "p(r)

= (qn)t

Therefore since (87135:(1_}0)"1//(0) = y¥(0)n!?"» after some calculations, we have
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(pn) (0)pla—p
o(r) = w(0,$)227¢ (;(:3)" "

1 (7) & 1 1/p,2/p,...,p/p; 14y PP ot
2w Sy T T\ V0 2/q0. (g —1)/q g TP

for some positive p, where 1 =L D) E N9, From the properties of an analytic continuation and the singularity of the

hypergeometric function, we can obtain the desired estimate for ¢(x) (cf. [5, 6, 2]).
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